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WEIL-PETERSSON METRIC ON THE UNIVERSAL
TEICHMULLER SPACE II. KAHLER POTENTIAL AND

PERIOD MAPPING

LEON A. TAKHTAJAN AND LEE-PENG TEO

ABSTRACT. We study the Hilbert manifold structure on Tp(1) — the
connected component of the identity of the Hilbert manifold T(1). We
characterize points on Tp(1) in terms of Bers and pre-Bers embeddings,
and prove that the Grunsky operators B; and Ba, associated with the
points in T5(1) via conformal welding, are Hilbert-Schmidt. We define
a “universal Liouville action” — a real-valued function S; on To(l)7 and
prove that it is a Kahler potential of the Weil-Petersson metric on Tp(1).
We also prove that S; is —ﬁ times the logarithm of the Fredholm
determinant of associated quasi-circle, which generalizes classical results
of Schiffer and Hawley. We define the universal period mapping P
T(1) — B(£*) of T(1) into the Banach space of bounded operators
on the Hilbert space €%, prove that P is a holomorphic mapping of
Banach manifolds, and show that 2P coincides with the period mapping
introduced by Kurillov and Yuriev and Nag and Sullivan. We prove
that the restriction of 2 to To(1) is an inclusion of T5(1) into the Segal-
Wilson universal Grassmannian, which is a holomorphic mapping of
Hilbert manifolds. We also prove that the image of the topological
group S of symmetric homeomorphisms of S' under the mapping P
consists of compact operators on £2.
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1. INTRODUCTION

This is the second part of our paper [IELUZL], which will be referred to
as Part 1. Here we continue our investigation of the Weil-Petersson met-
ric on the universal Teichmiiller space T'(1). Namely, we study in detail
the Hilbert manifold structure of 7'(1) and establish relations between the
Hilbert submanifold 75(1) — the connected component of the identity in
T(1), and classical Grunsky operators By, [ = 1,2, 3,4, associated with the
conformal welding. In Part I, we have described the image of Tp(1) un-
der the Bers embedding 5 : T'(1) — A (D). Here we characterize Ty(1)
in terms of the pre-Bers embedding 3 : T(1) — Al (D) and prove that
the Grunsky operators By and By associated with the points in Tp(1) are
Hilbert-Schmidt. We establish the relation between eigenvalues of Grunsky
operators and classical Fredholm eigenvalues, generalizing Schiffer’s result
for C? curves [REbXd]. We prove that the logarithm of the Fredholm deter-
minant of the operator I — By BY associated with points in Ty(1) (or, which
is the same, of the Fredholm determinant of [ — B4Bj) is, up to a constant,
a Kéhler potential for the Weil-Petersson metric on Ty(1). We prove the
explicit formula for this Fredholm determinant, expressing it as the “uni-
versal Liouville action”. Using Grunsky operators, we define the universal
period mapping & of Ty(1) into the Hilbert space .# of Hilbert-Scmidt
operators on the Hilbert space (2, as well as the mapping P of T(1) into
the Banach space #((*) of bounded operators on (. We prove that &
and 2 are holomorphic mappings of Hilbert and Banach manifolds respec-
tively. We show that the mapping 2 coincides with the period mapping,
first introduced by Kirillov and Yuriev [B¥X¥| for the homogenous space
Méb(Sh\ Diff 4 (S1), studied in detail by Nag [NagJd], and then extended
to T'(1) by Nag and Sullivan [SS%H]'. Finally, we prove that the image of the
topological group S of symmetric homeomorphisms of S! under the period
mapping # is Fa, N P (T(1)), where .7, is the ideal of the Banach algebra
(%) consisting of compact operators on (2.

Below is the detailed description of the paper. In what follows we are
using notations and results from Part I; in particular, the normalization of
the conformal welding for T'(1), described in Section 2.2.1, Part I. Namely,
for every [p] € T'(1) we consider the q.c. mapping w,, that fixes —1, —¢, 1 as

11t is explained in [[X&892 and [S¥] it what sense the mapping & generalizes the
classical period mapping of compact Riemann surfaces.
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an element of S'\Homeo,;(S1), which admits a conformal welding
w, = g;l of#,

where f# and g, are q.c. mappings whose restrictions on D and D", re-
spectively, are holomorphic functions satisfying f#(0) = 0, (f*)’(0) = 1 and
gu(o0) = oo.

In Section 2 we characterize the univalent functions associated with the
Hilbert manifold Tp(1) in terms of the Hilbert spaces A}(D) and A}(D*) of
holomorphic functions on I and D* respectively, square integrable with re-
spect to the Lebesgue measure. Using the embedding A}(D) — AL (D) into
the Banach space of holomorphic functions on D, the Becker-Pommerenke
theorem [REZH], and the characterization of the topological group S of sym-
metric homeomorphisms of S! given by Gardiner and Sullivan [IESS], we
prove that Ty(1) is a subgroup of 5. The main result of this section is Theo-
rem 2.12, which states that [u] € To(1) if and only if one of the following con-
ditions holds: (i) S(f*) € Ay(D); (i) A(f*) € AL(D); (iii) S(g,) € A2(D*);
(iv) A(g,) € AL(D*). Here S(f) is the Schwarzian derivative of the univalent
function f, and

f//
A(f) = T
This theorem allows us to introduce the “universal Liouville action” — the

function Sy : To(1) — R, defined by

(1) s = [[1AEE @t [ [ 1A #: - arlog g (o)l
D D*

In Section 3 to every [u] € T'(1) we assign the Grunksy operators By, B, B3
and By, associated with the corresponding pair (f#,g,) of univalent func-
tions. The Lebesgue measure of the quasi-circle C\{ f(D)Ug(D*)} is zero, so
that the generalized Grunsky inequality [HamZZd BamZd] can be succinctly
g; gi) on (? @ (2.
The main result of Section 3.1 is Theorem 3.6, which states (see Corollary
3.9) that [u] € Tp(1) if and only if the corresponding Grunsky operators
By (f*), B4(g,) € %2 — the Hilbert space of Hilbert-Schmidt operators on
(2. In Theorem 3.10 we prove that the mapping & : Ty(1) — .7, defined by
Z([p]) = B1(f*), is a holomorphic mapping of Hilbert manifolds. Extended
to the universal Teichmiiller space T'(1), this defines a holomorphic mapping
2. T(1) — #((*) of Banach manifolds, which we prove in Appendix B. In
Section 3.2 we show that for [p] € T(1) the eigenvalues of the correspond-
ing trace class operators By B} and B4B} are related to the eigenvalues of
the classical Poincaré-Fredholm integral operator associated with the quasi-
circle C = f#(S1) = g, (S1). Since for [u] € To(1) these quasi-circles contain
all C® curves, this generalizes Schiffer’s result [Beb=l]. Extending [Behhd],
we introduce the Fredholm determinant Detr(C) of the quasi-circle C as

formulated as the unitarity of the operator B = (
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the Fredholm determinant det(/ — By B}) = det(/ — B4Bj), and define the
function Sy : Ty(1) — R by

(1.2) Sa([u]) = log Detr(f(5Y), [ € T(1).

In Section 3.3 we define the semi-infinite period matrices of 1-forms for
natural bases of A}(D) and Al(D~), which generalize imaginary parts of the
classical period matrices for compact Riemann surfaces, and show that they
correspond to the operators By B3 and B3B3,

In Section 4 we compute the “first variations” of the functions S; and
Sy — the (1,0)-forms 05 and 0S;, where 0 is the (1,0)-component of the
de Rham differential on the Hilbert manifold 7;(1). Namely, we show in
Theorems 4.5 and 4.1 (see Corollaries 4.9 and 4.2) that

(13) 851 =29 and 852 = —i’ﬂ7
6

where the (1, 0)-form 9 on Ty(1), under the natural isomorphism T[Z]To(l) ~
Ay (D), is given by

(1.4) Iy = S(8u)-

The proof of Theorem 4.1 is rather standard, whereas the proof of Theorem
4.5 relies heavily on the identity given in Lemma 4.6. The latter can be
interpreted as an extension of the generalized Grunsky equality to pairs of
univalent functions (f*,g,) for [u] € Tp(1), which we consider quite interest-
ing. Since the functions Sy and Sg on Ty(1) both vanish at 0 € Tj(1), from
(1.3) we immediately obtain that

1
52 - 127‘_517
thus expressing the Fredholm determinant as the universal Liouville action.
In Corollary 4.12 and Remark 4.13 we interpret this relation as a surgery
type formula for the determinants of elliptic operators on domains on the
Riemann sphere PL.

In Section 5 we show that the relation (1.3) implies that the function Sy
is a K&hler potential of the Weil-Petersson metric on Ty(1). The proof goes
along the same lines as in the case of finite-dimensional Teichmiiller spaces
[E=Ci=3]. This explains why the function Sy is called the universal Liouville
action. In Section 6 we study the period mapping 2 : T(1) — Z((?).
We prove that it coincides with the Kirillov-Yuriev-Nag-Sullivan mapping
of T'(1) into the infinite-dimensional analog of Siegel disk ®.,. We also show
that the period mapping & : Ty(1) — . gives an embedding of Ty(1) into
the Segal-Wilson universal Grassmannian.

In Appendix A we study the Hilbert manifold structure on the topolog-
ical group To(1) — the pre-image of the Hilbert manifold 75(1) under the
canonical projection = : 7(1) — T(1). We prove in Theorem A.3 that
the Bers embedding 8 : Tp(1) — A3(D) & C and the pre-Bers embedding

B : To(1) — AL(D) induce the same Hilbert manifold structure on To(1).
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This result is parallel to the one proved in the Appendix of [[fealid]. We also
prove Corollaries A.4 and A.6, characterizing convergence in the Hilbert
manifold topology of 7p(1), which were used in the proof of Lemma 4.6.
Finally, in Appendix B we show that &7 : T(1) — %((?) is a holomorphic
mapping of Banach manifolds and prove that the image of the topological
group S under the map & is the subset .7, N 2 (T(1)) of Z((*). The
properties of the tower of embedded manifolds Ty(1) — S < T(1) are
summarized in a commutative diagram at the end of Appendix B.

Acknowledgments. We appreciate useful discussions with M. Luybich.
The second author would like to thank P.Y. Wu for helpful discussions about
operator theory. The work of the first author was partially supported by
the NSF grant DMS-0204628. The work of the second author was partially
supported by the grant NSC 92-2115-M-009-017. The second author also
thanks CTS for the fellowship to visit Stony Brook University in the Summer
of 2003, where a part of this work was done.

2. HILBERT SPACES OF UNIVALENT FUNCTIONS

It is well-known (see, e.g., Section 2.2 in Part 1) that the universal Te-
ichmiiller space T'(1) is isomorphic to the space D of univalent functions on
D. Here we characterize the univalent functions associated with the Hilbert
manifold T5(1).

In addition to the Hilbert spaces A;(D) and Ay (D*), introduced in Section
3, Part I, we define the following Hilbert spaces of holomorphic functions,

A3 (D) = { 1 holomorphic on D : |[¢||3 = // ()P d*z < oo},
D

A3 (D) = { 1 holomorphic on D : |[¢||3 = // [ (2)]? d*2 < oo
]D)*

We denote by Al(D) and Al(D*) the corresponding Hilbert spaces of anti-
holomorphic functions.

Remark 2.1. Every ¢ € A}(D) corresponds to a holomorphic 1-form w =
¥(z)dz on D (or on I'\D for a cofinite Fuchsian group I') such that the
(1,1)-form w A w is integrable. Similarly, every ¢ € A3(D) corresponds to a
holomorphic quadratic differential ¢ = ¢(2)(dz)% on D (or on I'\D) such that
the (1,1)-form (|¢(2)|?/p(2))dz A dz is integrable, so that the latter space
could be also denoted by A3(D). We will use the same notation || ||z for
the norms in these Hilbert spaces. To avoid confusion, in the main text we
always denote elements in the spaces As by ¢, and elements in the spaces

AL by .
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In addition to the Banach spaces Ao (D) and A, (D*) introduced in Sec-

tion 2.1, Part I, we define the following Banach spaces of holomorphic func-
tions,

Al (D) = {1& holomorphic on D : |[1h||oc = sup |(1 — [2]*)¥(2)| < oo} ,
z€D

AL (DF) = {1& holomorphic on D* : ||¢]| = sup ‘(1 — |z|2)¢(2)‘ < oo} .
z€D*

For a holomorphic function f:Q — C such that f’ # 0 on Q we set

f//
Al =T
Remark 2.2. Classical distortion theorem (see e.g., [Bamd, LueXd]) im-

plies that if f : D — C and g : D* — C are univalent functions, then
A(f) € AL (D) and A(g) € AL (D*). In [[Lealld], it was shown that the Bers
embedding of the universal Teichmiiller curve 7 (1) into A, (D) & C can be
factorized as the composition of two holomorphic embeddings

T(1) = AL (D) — A, (D) & C.
Here the map 7 (1) — Al (D) is given by v = ¢! o f — A(f) and the map
AL (D) — A (D) & C is defined as
b (1 — 1 20(0)).
Similar to Lemma 3.1 in Part I, we have

Lemma 2.3. The vector spaces AL (D) and AL(D*) are subspaces of Al_(D)
and AL (D*) respectively. The natural inclusion maps AY(D) — AL (D) and
AY(DF) — AL (D) are bounded linear mappings of Banach spaces.

Proof. 1t is sufficient to consider only the spaces of holomorphic functions
on D. For every ¢ € AL(D) let ¢(z) = Y72, na,z"~1 be the power series
expansion. Then

o2 = / / () P2 = 7S nfanl?,
D n=1

and by Cauchy-Schwarz inequality, we have

oo oo 1/2 / o 1/2
[0(2)] <D mlaglz[" < (ananIZ) (ZHIZIQ”‘Z)

n=1 n=1 n=1
for every z € D. Using

o0

1
2n—2 __
Zn|z - (1 _ |z|2)2’

n=1
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we get

¥l = sup (1 = )] < =[]

Similar to Remark 3.2 in Part I, we get
Corollary 2.4. For every v € A}(D),
lim (1 — |z*)w(2) = 0.

|z|—=1—
Similar statement holds for every ¢ € AL(D¥).

For a holomorphic function f:Q — C set
\II(f) = f.— %fz
If f/# 0 on Q, then S(f) = (Vo A)(f), where S(f) is the Schwarzian
derivative of f. In [E&a07) it was proved that ¥ (AL (D)) C A (D) and
¥ (AL (D*)) C A (D). Similarly, we have the following result.
Lemma 2.5. ¥ (A}(D)) C A3(D) and ¥ (A}(D*)) C Ay(D").

Proof. Again it is sufficient to consider functions on D. For ¢ = Y>> na,2""' €

Al(D) we have

[ worse e <2 [t e+ 5 [ [1eeite e
D D D

For the first term, a straightforward computation gives

[ 1ot = 25 M= < gl < .
D n=2

For the second term, since ¢ € AL (D), we have
// U < S < oo

g

The following theorem of Becker and Pommerenke [[BEZS] characterizes
univalent functions on D that admit a g.c. extension to a larger domain such
that the complex dilation is continuous on S™.

Theorem 2.6. Let f: D — C be a univalent function such that f(D) is a
Jordan domain. Then the following conditions are equivalent.
(i) f has a q.c. extension F to {z : |z| < R,R > 1} such that the
complex dilation p(z) = F5/F, satisfies

lim p(z) =0.

|z|—=1t
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lim (1 |2)28(/)(=) = 0.
|z|—=1—
(iii)
lim (1- |9 A(f)(2) = 0.
|z|—=1—
In [GSYY], Gardiner and Sullivan have studied the subgroup
S = Méb(S')\Homeo,(S")

of symmetric homeomorphisms in QS = M&b(S1)\Homeog,(S') ~ T(1).
They proved that as a Banach submanifold of 7'(1), S is a topological group,
and that univalent functions f associated to elements in S are precisely the
functions satisfying condition (ii) of Theorem

Remark 2.7. Actually in [lES59] this condition is stated as follows: for every
e > 0 there is a compact subset K of D such that |(1 — |2]?)2S(f)(2)| <
for z € D\ K, which is clearly equivalent to (ii).

Using this remark and Remark 3.2 in Part I, we get the following state-
ment.

Corollary 2.8. The group Ty(1) is a subgroup of S.

Remark 2.9. 1t is known [IES%] that the topological group S contains the
subgroup of C''-homeomorphisms of S!. Similarly, the topological group
To(1) contains the subgroup of C*-homeomorphisms. Indeed, it is known
(see, e.g., [Hami]) that if v € QS is C® then corresponding { and g are
of C? class on the boundary and all their derivatives are Holder continuous
with o < 1. From here it follows that S(f) € A2(D).

Remark 2.10. For [u] € Ty(1) it is an interesting open problem to charac-
terize intrinsically the corresponding map wy|¢: and the quasi-circle f(S),
as it was done for by Gardiner and Sullivan in [ES87] for [p] € S.

Another important consequence of Becker-Pommerenke Theorem is the
following result.

Lemma 2.11. Let f and g be univalent functions on D and D* such that
S(f) € A2(D) and S(g) € Ax(D*). Then A(f) € AY(D) and A(g) € AL(D*).

Proof. 1t is sufficient to consider functions on D. If S(f) € Az(D), then by
Remark 3.2 in Part I f satisfies the condition (ii) in Theorem EZ and hence
it satisfies the condition (iii). In particular, there exists r’ > 0 such that

(1= 2AN ()] <1/2 forall ' < |2] < 1.
By triangle and geometric mean inequalities,
IS > (AN ()] = 5IAN =) )
=AW P+ AN G = TAL AL ()]
>5 (AU @)1 = AN )Y,

2
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so that for v’ < |z| < 1,

(2.1) 200 =[S > (L= 2P AG) ()] - 1A )
Let A(f)(2) = 3.°%, na,z""! be the power series expansion of A(f) and let
D, be the disk of radius r. We have,

—2 2 r?
_ )[2d2z = 122 r- 2
// | : ﬂZn |a| (n—l n+n+1

and

/ |A(f 2dzz—ﬂ'z:n|an|2 mn,
=1
Using the elementary inequality

monp (2 ), L
n—1 n n+1/ = 2n

forall n > 2and 0 <r <1, we get

// — (f) (2)]*d*> > L / JA(S) (2)|Pd*z — Z]aq|*r*.

Integratlng the inequality (B2l over D, \]D),,/7 and using (E=¥), we get for
r>

2 [[a-LPrsmEres 2 [[ (0= EPPAG R - AN EPR) &
D\D,/ DD,/
=//<1—|z|2>2|A< (222 - / A ()22
[fo-eraoness //m
//|A (2)|*d*z + 1 //|A (2)|2d*>

// A(f) (2)2d2z = |ay|r2.

Since S(f) € Az(D), from this inequality we conclude that there exists C' > 0
such that

/ JA(f) (2)|?d*z < C

forall 0 <r <1, ie., A(f)EA%( D). a

The following statement is the main result of this section.
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Theorem 2.12. Let w, = g;l of# be the conformal welding corresponding
to[p] € T(1). Then [p] € To(1) if and only if one of the following conditions
holds.

() (%) € 45(D)
(ii) A(f*) € AY(D).

(i) S(g,) € Ay(D7).
(iv) Alg,) € AMD).

Proof. Since under the Bers embedding 8(To(1)) = B(T(1)) N Az(D), it
follows that if w, = g7 'of* is the conformal welding associated to [p] € T'(1),
then S(f#) € Ay(D) if and only if [u] € To(1). Let j be the antiholomorphic
inversion z — 1/Z. Since q.c. mapping w,, on C satisfies jow,oj=w,, we
have

w;l:jow;loj:(jo(f“)_loj)o(joguoj).

Thus
(2.3) f“_lzrojoguoj and g,-1 =rojoffoy,

where r is the dilation z — Mz. Since [p™1] € Tp(1) if and only [u] €
To(1), we have S(f#) € Ay(D) if and only if S(f*') € Ay(D), and hence if
and only if

S(gu) = S(f#7") 0 j2 € Ay(D").
The statement of the theorem now follows from Lemmas Bl and BB O

Let To(1) be the Teichmiiller curve of T5(1), i.e., the inverse image of
To(1) under the fibration 7 (1) — 7'(1) of Hilbert manifolds. It was proved
in Appendix A of Part I that 75(1) is a topological group. Using proofs
of Lemma =¥ and Theorem BEZ&B, we can easily modify the proof in the
Appendix of [[lealid] to show that A}(D) and A3(D) & C induce the same
Hilbert manifold structure on 7o(1). We leave the details to Appendix A.

Results of this section justify the following

Definition 2.13. The “universal Liouville action” S; : T5(1) — R is defined
by

il = [[ 1AEIE =+ [ [ AP @ - arlogg (),
D D*

where w, = g;l o f# is the conformal welding corresponding to [u] € To(1).

We will prove in Section 5 that the universal Liouville action is a K&hler
potential of the Weil-Petersson metric on Ty(1).

Remark 2.14. When g}, is continuous on S1, the last term in the definition
of Sy can be written as

—2% log |g], (e"?)]d6.
Sl
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When the quasicircle g,,(S') = #(S!) is of C? class, functionals of this type
were studied by Schiffer and Hawley in [BH62]. Here we extend the definition
to quasicirles for the Hilbert manifold T5(1).

3. GRUNSKY OPERATORS FOR T(1)

3.1. Grunsky coefficients and operators. Here we prove that Grunsky
operators associated to a point in Ty(1) are Hilbert-Schmidt. Suppose that
f:D—Cand g:D" — C are univalent functions on D and I such that
f(0) =0, f(0) =1, g(o0) = 00, and f(D) Ng(D*) = 0. Such univalent func-
tions are said to form a normalized disjoint pair. The generalized Grunsky
coeflicients by, ,,,, n, m € Z of a normalized disjoint pair (f, g) are defined as
follows (see e.g., [Eamza])

log % = boo — Z menz_mC "

m=1n=1
log w __ Z me,_nz‘m&
m=1n=0
log %@Jf(() = boo — Z Z bom—nz"C"
m=0n=0

By definition, bgy = logb, where b = ¢'(c0). Grunsky coefficients b,, ,,, are
symmetric in n, m when n,m > 1 or n,m < 0, so forn > 0, m > 1, we define
b_ym = by —pn. It is also clear that coefficients b, ., |2| > 1 and |m| > 1 do
not changed when f and ¢ are simultaneosly post-composed with a dilation
Z Tz,

Grunsky coefficients satisfy the generalized Grunsky inequality, due to
Hummel OG22 (see also [Eami]).

Theorem 3.1. Let (f,g) be a normalized disjoint pair of univalent func-
tions. Then for every )\_m, v Ay € C,

Z |k| Z bkl>\l < Z |k| —|—2Re

k=—cc l=—m
where the prime over the sum mdzcates that the term k = 0 is omitted. The
equality for all \_,,,, . .., Ay, holds if and only if the set F' = C\{f(D)Ug(D*)}

has Lebesgque measure zero.

9

Ao Z Ry

l=—m

Remark 3.2. For v € T(1) let v = g7' o f be the corresponding conformal
welding. Since (f, g) is a normalized disjoint pair of univalent functions and
the quasicircle C = f(S!) = g(S!) has Lebesgue measure zero, corresponding
Grunsky coefficients b,,,, satisfy the generalized Grunsky equality. Setting
Ao =1and A\ =0,k # 0, we get

2Reboo = Y [K|lbrol*.

k=—c0
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Since
9(2) gk e N K
log == =bgg— » b d log——=—-> b_
og 5 00 z_: k0% an og 5 kz_; k0%
and Rebyy = log |¢'(00)|, we have
/
27 log |¢' (o0 |_//‘f —l (2) 22
(2)

According to Theorem 5.3 in Part I, this gives an integral formula for the
Ké&hler potential of the Velling-Kirillov metric on 7(1).

Now let (f,g) be a normalized disjoint pair of univalent functions such
that the corresponding set F' has Lebesgue measure zero. Putting in the
generalized Grunsky equality Ag = 0 and rescaling \; — \/m)\l, we obtain
the following equality

o0
2

k=—c0

= 37 Il

k=—m

m 2
S VIRl

l=—m

By polarization, we get

(3.1) Z Z Z VIR /TR e = S~ e,

k=—co l=—m l'=—m k=—m

where Ag, np are arbitrary complex numbers. Grunsky coeflicients b,,,, give
rise to semi-infinite matrices By, [ = 1,2, 3,4, defined by

(B1)mn =vVmnb_p _n, (B2)mn = vVmnb_p, .,
(B3)mn =VMn by —ny  (Ba)mn = VM0 by

From generalized Grunsky equality it immediately follows that matrices B
define bounded linear operators on the separable Hilbert space

£2 = {$ = {$n}zo:1 . Z |$n|2 < OO}
n=1

which we continue to denote by B;, [ = 1,2,3,4. Here a linear operator
A on (? associated with the matrix {amn}fnomzl is given by y = Ax, where

Ym = 2720:1 AmnTn.
In terms of the operators By, generalized Grunsky equality (Bl is equiv-
alent to

(3.2) BiB} + BB =1, BsB: 4+ ByB; = 0,
Bi1B: + ByBl =0, BsBi+ ByB: =1,

where I is the identity operator on £? and By stands for the adjoint operator
to Bj. These identities immediately imply that |B|| < 1,[=1,2,3,4.
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Remark 3.3. The operator By is the Grunsky operator associated to the uni-
valent function ¢g. The classical Grunsky inequality (see e.g. [E&EZ]) can be
succintly stated as I —B4B} > 0, and [ — B4Bj is a positive-definite operator
if and only if the complement of ¢(D*) has positive Lebesgue measure. Simi-
larly, By is the Grunsky operator associated to the univalent function f and
the classical Grunsky inequality is equivalent to I — By B} > 0. For the pair
(f*, g,) associated to a point [p] € T'(1), the operators I — By By and I —B4Bj
are positive-definite, so that || By]|,||Bal]| < 1 and Ker B = Ker B = {0}.
Moreover, it follows from symmetry property of Grunsky coefficients that
also Ker By = Ker B3 = {0}, so that the operators By, B3 : (> — (* are
topological isomorphisms.

The operators B; define a bounded linear operator B on the Hilbert space

(2@ (? by
_(B1 B
ae (B 5
Since
«_ (BT B3
B = (i 5).
the generalized Grunsky equality can be succinctly rewritten as
BB* =1,

where I = ((IJ (IJ) is the identity operator on (? @& (2. Let J be the complex-
conjugation operator on (? defined by

(3.3) (Ja)p =, x={2,}22, €™

Setting J = (‘é 9), we can express symmetry property of Grunsky coeffi-
cients as

B* =JBJ.
Thus
B*B =JBJB =JBB*"J =1,

so that B is a unitary operator on (2 @ (2.
The operators B; can be also realized as linear operators from the Hilbert
spaces of antiholomorphic functions to the Hilbert spaces of holomorphic
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functions. Namely, the kernels

) = b L @) N 1§ - =1 yym—1
1(1( ) ) ~ (( — w)2 (f(z) _ f(w))2> Tn%; b_p—m )
- _ 1 f'(Z)g(w) 1 - nm =1y, —m—1
Kol = ST —gtwp ~ 2 "o ,
d — l gl(z f/(w) — l = nm Z—n—lwm—l
Kol w) = o= f = mZ P, !

o0

1 1 ! ! 1
Ky(z,w) == ( _ 9By w) ) = — Z e
— T

g(w))?

define the linear operators K; as follows,

n,m=1

Ky : AL(D) — A}(D), (K1) (2 //Kl z,w)(w)d*w,
Ky : AL(DF) — A}(D), (K1) (= //A2 2, w) e (w)d?w,
K3 : AL(D) — AL(D"), (K3) (2 // K3(z, w)(w)d*w,
Ky: AL(DY) — AYD),  (K40)(z //34 z, w) i (w)d?w.

Remark 3.4. 1t is well-known that if ¢ is a holomorphic function on D, then

where the integral is understood in the principal value sense. Hence we can
also represent operators Ky and K4 by the singular kernels

LSS 1 W)
™ (f(2) = f(w))? 7 (9(2) = g(w))?
The Hilbert spaces Al(D) and Al(D*) have standard orthonormal bases
{e,}02; and {f,}°2,, given respectively by

en(z) = \/gz”_l and  fn(2) = \/gz_”_l, n € N.

These bases define isomorphisms A}(D) ~ ¢ and AL(D*) ~ (% The op-
erators K; and their adjoints K — integral operators with the kernels

K} (z,w) = Ki(w, z), correspond respectively to the operators B; and B,
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[ =1,2,3,4. Similarly, positive self-adjoint operators K; = KK} are inte-
gral operators which correspond to the operators BB, and we denote the
kernels of the operators K; by K;(z, w). Due to the relations (B),

(3.4) Ky=T-Ky, Ks=T-K,.

Lemma 3.5. The kernel Ki(z,w) of the operator K; : A}(D) — A}(D)
satisfies

(3.5) /// | K1 (2, w)|*d*2d*w < oo
D D

if and only if the operator Ky is Hilbert-Schmidt, i.e., if and only if the
operator Ky = K1 K on AL(D) is of trace class. In thzs case,

TrK; = ////|K1 Z,w 2dzzdzw—// (z,2)

and S(f) € Ax(D), where f is the univalent function associated with the
kernel K1(z,w). Similar statements hold for the operators K4 and K.

Proof. 1t is sufficient to prove the lemma for the operator K;. For the basis
{en}nen of the Hilbert space Al(D) we have

o0

TrKy —i (Kien, e,) = ZHK1€nH2 Z by |2

n,m=1

/// |y (2, w)|? dzzdzw—//Klzz

Since the operator Ky is positive, it is of trace class if and only if the in-

equality (EZ3) holds. On the other hand, we have

S(f)(z) = —67 hm Ki(z,w) —62 ( Z klb_;“_l) P

k+l=n
Hence if the inequality (B holds,

-1
IS(PIE =187y el DI () LY
n=2

n
k=1

<187 Z n3 ( k(n k)) (i k(n — k)|b—k,—(n—k)|2)
=1

k=1
%] 1 %]
=37 Z k(n — k)|b_k7_(n_k)|2 =37 Z nm|b_p, _m|? < oc.
n=2

=2 k=1 n,m=1

n—

g
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Theorem 3.6. If the pair (f*,g,) corresponds to a point (] € To(1), then
the operators Ky and K4 associated to f* and g, respectively, are of trace
class.

Proof. According to Lemma B2, it is sufficient to show that

// Ki(z,2)d*z < oo and // Ky(z, 2)d*> < o0.
D D*

For [u] € To(1) choose a representative u € L*(D*, p(2)d?z) N O(D*);. It
follows from Lemma 3.9 in Part I that the path [tu] connecting 0 to [u]
in T(1) lies on Tp(1). Let wy, = g;} o f™ be the corresponding conformal
welding and denote by (K7):(z, w) the kernel K;(z,w) associated with the
univalent function f%. We have the following lemma.

Lemma 3.7.

% -0 (K1) st (ft_l(z)vft_l(w)) (ft_1>

- ki !/ PEF e

where QF = ' (D*) = g;,(D*),

/

g
(1t o gtu)# = Dy Ry (1),
gtp,

and the integral (BH) is understood in the principal value sense.
Proof. Set wy = wy,,f; = fin g, = gin and vy =f oft_l. We have

—_ -1
Us © gt = gs-l—t (e} w5_|_t (e} wt s

so that v, is a q.c. mapping which is holomorphic on Q; = f;(D) and has
Beltrami differential i, on € with

7 -1

g (wsyiow, )z
(pspog)= = — 5.

g7/,‘ (ws—l—t o wt 1)2

It follows from the standard variational formula for q.c. mappings that

(3.7) d vs(2) = _%// (Ht(u);EZ - 1) d2u +p(2),
5=0 QF

ds u—z)u(u—1)

where p(z) is a degree two polynomial. We have
() e (7 (2087 () (671) (2) (671) ()
LY (2) (1) (w) (=2)e(w)

TR ) = £ (w)? 7 (0s(2) = o (w)

/

1
T
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w1$) oy :“/7)u—z M

so that the result follows. O

and

d

Now we use the fundamental theorem of calculus to estimate

// Kl(z,z)dzz:/// (501 (2 w) Pdzd?w
D

2
Kl )e(z, w)dt| d*zd*w
/ ////‘— K1)(z,w) dzzdzwdt
2
:/0 //// Is szo(Kl)H_s(Z’w) d? zd*wdt
D D

:/01 I(t)dt.

Making a change of variables z + f;*(z), w ~ f; ! (w) in the inner integral
I(t), we get

o=/l ]|z
//// // (w—2) )zdzu d?zd?w

Using the inequality

(39 [/M_wﬁﬁ4ﬂm%@%zeﬁﬁ

where (p2)¢(z) is the density of the hyperbolic metric on Q (see the proof
of Theorem 3.3 in Part 1), and the fact that the Hilbert transform is an
isometry on L%(C,d*z), we obtain

o [f [ et s [ oo
Z;/lm@Wmafzzgmm;
/.

2
d?zd*w

Alwxrwa@4w»GﬂYwNﬁW%m
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where fi; = Dy, Ry-1(p). Now it follows from Remark 3.8 in Part I that
there exists a constant C' such that

1zell2 < Cllpell2

// Ky (2, 2)d2% < oo
D

The corresponding estimate for the kernel Ky(z, w) is proved similarly. Al-
ternatively, using the relation (&) we get

for all 0 <t <1, so that

(3.9 K1) ) = Kl (37

—y
Zw

11

22w

Since Tp(1) is a group, the inequality for the kernel Ky follows from the
corresponding inequality for the kernel Kj. O

Remark 3.8. Actually using the generalized Grunsky equality one can prove
an estimate sharper than (B3). Just observe that for z € QF

J] 25 = wKale ™ @ G
Q

and that ————- is the kernel of the identity operator on A}(D*). Hence

T=z0)?
the second equation in (BEZH) gives,
1 1
Ks(z,2) = Ky(z, 2) <

m(1— =2

J] 25 < Tt
Q4

Corollary 3.9. Grunsky operators By and By associated with the pair
(f*, &), [#] € T(1), are Hilbert-Schmidt operators on (* if and only if [u] €
To(1).

Proof. Under the isomorphisms A}(D) ~ (? and AL(D*) ~ (2, the operators
K, and K4 correspond to the operators By B} and B4Bj respectively. Since
B(To(1)) = A2(D)NB(T'(1)), the “only if” part of the statement follows from
Lemma BE3 d

m(1—[2%)*

and we get

As an application, consider the Hilbert space % of Hilbert-Schmidt op-
erators on (2,

S = {T : (* — (* a bounded operator | [|T||3=TrTT* < oo} )
and define the mapping & : Ty(1) — F by
Z (1)) = Bu(t"), [p] € To(1).
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Since Grunsky coeflicients characterize univalent functions up to a post-
composition with Mébius transformation, the mapping &7 is one to one. In
fact, we have a stronger result.

Theorem 3.10. The mapping & is a holomorphic inclusion of the Hilbert
manifold To(1) into the Hilbert space 5.

Proof. We need to show that for every [v] € To(1) and p € H™"1(D*), the
map C 3 ¢t — By (t) = By(f"T™) is holomorphic in a neighbourhood of ¢ = 0
in C. For this aim, since the mapping [¢] — f#(z) is holomorphic for fixed
z €D, for every z,w € D the map
i 1 ( 1 () (2) () (w)

(

t— K7 (z,w) = =
T

e () - P )

is holomorphic in a neighbourhood of t = 0 in C. We choose § > 0 so that
v+ tp||eo < 1 for all |t| < 6. For every tg such that |tg| < 6, let §; be such
that 0 < 01 < § — |to|. Then for all |t —to| < &1, we have by Cauchy integral
formula,

d
(K{W — K{T0O% (1 — 1) yr Kl”““) (z,w)
t=to

(t—t)? % Ky (2, w) ic
— o ( .

27 C—1)(¢ —tg)?
[(—to|=61
Hence
(3.10)
2

B (fu+tu) - B (fu+tou) d
t—to dt li=to 9

I(V—I-m _ I(V—I-toﬂ d
://// 1 1 - — Kf-l_m (z, w)
) t— 1o dt t=to
O O T [T ey g
< Ko ‘ dzd?w|d .
=~ 477_2 /. 1 (2’711)) z w| C| |C_t|2|<=_t0|4

[(—to|=61 D [(—to|=41

2

d?zd*w

We have from the proof of Theorem EH,

2
] ] ki o< clv+ cul < e + 8l
D D

so that (EZ) tends to 0 as ¢ — £y, which proves the assertion. O

Remark 3.11. Since the classical Grunsky operator By is bounded, the map-
ping Z extends to the whole Banach manifold 7T°(1). Let 2({%) be the space
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of bounded linear operators on (2,

B((*) = {T : (* — (* a linear operator : ||T|| = sup |[Tul| < oo.} ,

[lull=1
and define the mapping & : T(1) — B((?) by

P (1) = Bu(M™), [u] € T(1).

Analogous to Theorem EZE, we show in Appendix B that the mapping P
is a holomorphic inclusion.

3.2. Fredholm eigenvalues and Fredholm determinant. In [Rehid],
Schiffer has studied the eigenvalues of the classical Poincaré-Fredholm bound-
ary value problem of potential theory on a C® curve. Here we show how
Fredholm eigenvalues for a quasi-circle C = f#(S1) = g, (S1), associated with
(1] € To(1), are related to the eigenvalues of trace class operators Ky and
Ky.

Let b be a separable Hilbert space with the inner product (, ). A conju-
gation operator J on h is an R-linear operator satisfying J? = I and

(Ja,Jy) = (z,y) forall z,y€h.

Conjugation operator is necessarily complex anti-linear. For every bounded
linear operator T on b,

(JTJz,y) = TJz, Jy) = (Jz, T*Jy) = (x,JT*Jy) forall z,yehb,

so that
(JTJ)y =JT"J.

In particular, if U is a unitary operator on hj, then JUJ is also a unitary
operator. For a bounded linear operator 7' on § its transpose is defined as

T = JT*J.

Generalizing the notion of symmetric complex-valued matrix, a bounded
operator T on ) is called symmetric with respect to the conjugation J, if

T="T"~

The Hilbert space h = (? carries a standard conjugation operator .J, defined
by (BS¥). The following statement is a generalization of Schur’s Lemma (see,
e.g., [BamZd, Sect. 3.6]) to the case of compact operators on (2.

Lemma 3.12. Let T be a compact operator on (2, symmetric with respect
to the standard conjugation operator J. Then there exist a unitary operator
U on (* and an operator D > 0 on (%, diagonal with respect to the standard
basis for (%, such that

T =UDU".
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Proof. As in [BamiZzd], consider the decomposition
T+JrJg T -JrJ
+ .
2 21

where A and B are self-adjoint compact operators satisfying AJ = JA and
BJ = JB. Let T be the self-adjoint operator on the Hilbert space (2 & (2

defined by
A B
- (4 8)

The operator T is compact and satisfies

(3.11) TE = —-ET and TJ=1JT,

0 -1 J 0
E_<I 0) and J_<0 J)'

From the first equation in (B2l it follows that if u € (24 ¢? is an eigenvector
for T with eigenvalue A, then v = Eu is also an eigenvector for T with
eigenvalue —A. It follows from Hilbert-Schmidt theorem on canonical form
of compact self-adjoint operator that there exist a unitary operator U on

12 & (% of the form
(U Us
o= )

and an operator D on (2 @ (? of the form

D 0
o=(i ).
where D is diagonal with non-negative entries, such that

T =UDU".

From the second equation in (B&N) it follows that T(JUJ) = (JUJ)D.
Since JUJ is also a unitary operator, we have

T = (JUJ)D(JUJI)*.

Consequently, we can choose U so that U = JUJ. Now it follows from the
canonical form that

T = A+iB = (U; 4 ill) DU} + iU3).

Let U = Uy 44U, : {2 — (2. Since U is a unitary operator, U is also unitary,
and the property U* = JU*J implies that

JU*J = J(Ur — iU3)J = Ur + U5,

since J is complex anti-linear. O

T =

— A+iB,

where

Corollary 3.13. The non-zero entries of the operator D are singular values
of the operator T.
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Proof. Since the operator U! is unitary,
TT* =UD*U* =UD*U!,
so that the entries of D? are the eigenvalues of T7*. O

Now let (f,g) be a normalized disjoint pair of univalent functions such
that the corresponding set F' has Lebesgue measure zero and the Grunsky
operator By is compact. We apply Schur’s Lemma to the operator By on
02, 1t follows from the symmetry property of Grunsky coefficients that

B = JByJ.

Thus there exist a unitary operator U on (% and a diagonal operator D with
non-negative entries such that

By =UDU".
From the first identity in (E=3), we obtain
U™ 'ByB3U =1 — D%

Since ||B1]| < 1, the operator [ — D? is positive-definite and hence invertible,
so that the operator

V = B;U(I — D)7/
is also unitary. Using the property B% = By, which follows from the sym-
metry of Grunsky coefficients, and the third identity in (BZ¥), we obtain

ViB,V = -D.
Collecting everything together, we get the following identities:
B,JUJ =UD, BsJUJ = JVJ(I — D)'/2,
B,V =U(I — D¥)'/?, B4V = —JVJD.
Letting
An = (D)nn, pn=((1= D), = /T2
m m
u,(z) = ﬂ; ;Umnzm_l, v, (2) = ﬂ; ;(JVJ)mnz_m_l,

and realizing B;’s as linear operators K;’s, we obtain for n € N,

/ / K (2, 0) i (0)dPw = Apity (2), / / K3(z, 0) i, (0)d?w = ppo,(2)
D D

/ / Koz, w) o, (w)d*w = poiy(2), / / Ka(z, w)o,(w)d*w = — X\, 0,(2).
/s /s

Setting

Uy, :unof_l(f_l)’ and Uy, :tlnog_l(g_l)’7
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we get,
(3.12) =), sen
%;/ %dw =z, zeq
%;/ %dw (), zeQ,

Q*
1 Un(w) 2 *
;//mdw:)\nvn(z), z € Q7.
Q*

Comparing equations (B&&I) with corresponding formulas in [RE857], we find
that {+A;1}°2 | are Fredholm eigenvalues associated to the quasi-circle C =

f(8Y) =g(sh).

Remark 3.14. The relation between the Fredholm eigenvalues and the eigen-
values of the Grunsky operator for a C® curve was first obtained by Schiffer
in [RchXI]. Specifically, in [RchXl] Schiffer has shown that Fredholm eigen-
values, defined as the eigenvalues of classical Poincaré-Fredholm integral
operator on C? curve, satisfly (E=idl). Furthermore, using completeness of
the bases {u,}, {v,} in corresponding Hilbert spaces, he proved the relation
(B3), which is equivalent to the generalized Grunsky equality with Ag = 0.
Here we use the opposite approach. We start from the generalized Grun-
sky equality for the pair (f*,g,) for [u] € To(1) and use it for deriving all
necessary properties of the Grunsky operators. In particular, we prove that
the Grunsky operators By and By associated with [u] € Tp(1) are Hilbert-
Schmidt. The case we consider is more general than in [RchX] since the set
of all quasi-circles f#(S1) for [i] € To(1) contains the set of all C* curves as a
proper subset. In fact, we prove in Appendix B that the Grunsky operators
By and By associated with [u] € T'(1) are compact if and only if [u] € 9, the
subgroup of symmetric homeomorphisms of S'. Our analysis of the relation
between singular values of Grunsky operators and Fredholm eigenvalues still
holds for this case.

As in [5eh2d], for a pair (f,¢) such that the corresponding operators
Ki and K, are of trace class, we define the Fredholm determinant for the
corresponding quasi-circle C = f(S1) by

Detp(C) = [] p2 = det(I — Ky) = det(I - Ky).

n=1

Theorem B justifies the following definition.
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Definition 3.15. The real-valued function Sy : Ty(1) — R is defined as

S2([u]) = log Detp (£*(5%)),  [u] € To(1).
It follows from (BX) that

(3.13) Sa(lu)) = Sa([u) ™), [1] € To(1).

3.3. Period matrix of 1-forms. For a normalized disjoint pair (f,¢) of
univalent functions we set Q = f(D), Q* = ¢(D*), and define the Hilbert
spaces

A3 () = ¢ 1 holomorphic on Q : |[¢||3 = // ()P d*z < ooy,
Q

AY(Q*) = { 1 holomorphic on Q : ||¢]|5 = // 4 (2)]? d%2 < oo
Q*

The Hilbert spaces Al(Q) and Al(Q*) — the Hilbert spaces of holomorphic
1-forms on corresponding domains, are, respectively, naturally isomorphic
to the Hilbert spaces Al(D) and A}(D*).

Consider generalized Faber polynomials of g and f defined, respectively,
by [F’nm A, |nn||=]

g(z) —w — Pa(w) _,
log = — =2
log w_Tf(Z) _ log fiz) _ io: Qnr(bw) Zn‘
n=1

Here P,(w) is a polynomial of degree n in w and @, (w) is a polynomial of
degree n in 1/w. Specifically,

Py (w) = (97 (w))%o;
the polynomial part of the n-th power of the inverse function ¢~
Qn(w) = (f_l(w));gv

the principal part of the negative n-th power of the inverse function f~!.
Here for S C Z and a formal power series A(w) = > _, A,w” we denote

(A(w))s = X2, e5 Anw".
Comparing the definition of Faber polynomials with the definition of
Grunsky coefficients, we obtain the following relations (see, e.g. [EamZd,

e

P.(g(z))=2"+n Z bpmz"", P,(f(2))=nb,o+n Z b, —m 2™,
m=1

m=1

1 and

neZ

Qn(g(z)) = _nb—n,O +n Z bm,—nz_m7 Qn(f(z)) =z2""4+n Z b—n,—mzm-
m=1

m=1
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Now assume that the pair (f,g) is such that the corresponding set F' =
C\{f(D)Ug(D*)} has Lebesgue measure zero. Then it follows from the above
formulas and Remark B=d that the Hilbert spaces AL(Q) and AL(Q*) have

natural bases {a, }°2, and {5,}22,, given respectively by the polynomials

_P)

a,(2) Nk n €N,
and by the Laurent polynomials
_ Qn(2)
571(2) - \/ﬁ 9 nc N
Indeed, we have
anoff/ - Z(BS)nmem and 571099/: Z(BQ)nmeru
m=1 m=1

and the inner products are given by

() = [[an@antids = [[ oo @a o e
Q

D

= (B3)uk(Ba)-

k=1

Hence the period matrix of A}(Q) with respect to the basis {a,}°2; of
holomorphic 1-forms on € (the Gram matrix of the basis) is given by

Na = {{an, am)} = B3Bj.

m,n=1 "
Similarly, the period matrix of the basis {3, }°2, of holomorphic 1-forms on
Q* is given by
Nox = {<5n75M>}$no,n:1 = B2B;.
We just proved the following result.

Corollary 3.16. Let (f,g) be a normalized disjoint pair of univalent fuc-
tions such that the set F' = C\ {f(D) U g(D")} has Lebesque measure zero
and the corresponding Grunsky operators By and By are Hilbert-Schmidt.
Then for C = f(S1),

DetF(C) = det Ny = det N~

4. VARIATIONS OF THE FUNCTIONS S; AND S,

Let @ and 0 be (1,0) and (0, 1) components of de Rham differential d on
the complex manifold T5(1). Here we compute the “first variations” of the
functions Sy and Sy — the (1, 0)-forms dS; and 9Sz on Ty(1).
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4.1. The first variation of S,.

Theorem 4.1. The real-valued function Sy : Ty(1) — R is differentiable at
every point [v] € To(1). In terms of the Bers coordinates ,, on the chart

Vl/?
852
= S y
asu / G2
Here w, = g1 of” is the conformal welding corresponding to [v] € To(1).

Proof. By definition of the Bers coordinates (see Section 3.3. in Part I), for
pe HH(D)

052 d

Gl = | Salleme o)
Set w., ow, =gt of?, f=10=1{" g=gy=g, and Ki(g) = Ky (f*). Since

Ki(¢) is a holomorphic family, we have

852 8 -1 8Kl
8—@([1/]) = % det(I — Ki(e)) = —="Tr ((I - Ky) ¥(0)>

(see, e.g., [GERY Ch. 1V.1, Property 9]) Now using Lemma B, we have

Z?K:([ 2T //// (((Q);f/_(izc))Ql(f(Cvw)dzudzc
/ / / Kot R G
// // u) Ky (2, u) Ky(u, Q) K3 (Cw)dzudz(’,

Here in the last line, we have used the second relation in (B3,

(4.1)

e=0

KK = —K4 K.

Let Ry(z,w) be the kernel of the inverse operator 1(2_1 — the anti-holomorphic
function on D" x D satisfying

//1(2 O Ra(Cow)d = I (2, w) = ———

(1l — zw)

Here I4(z, w) and I5(z,w) are the kernels of the identity operators on A}(D)

and AL(D*) respectively. Similarly, let R3(z, w) be the kernel of the inverse
operator (K3)~'. We have

(I —K) P =Kt = (K3 K
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so that

a0 =[] J]J] ][] vt niin

Ko(z,u) Kq(u, Q) K3 (¢, w)d*ud?Cd* 2d* nd*w

////// w) Ka(u, Q) Ia(n, u) Io(C, ) d*ud®nd*

//// u)Ka(u, Q) 1o, w)dPud®C

// Kttt = L [[ s
)

Here in the last line we have used

Balw,u) = =2 Jim, <<g<c> —ew)’ - u>2> A

Denote by T[Z]To(l) the holomorphic cotangent space to To(1) at a point
(1] € To(1). The natural isomorphism Tp, To(1) ~ H~"'(D*) induces the
isomorphism T[Z]To(l) ~ Ay(D*). Define a holomorphic 1-form ¢ on T5(1)
by

I = S(gu) € Az(D),
where w, = g of* € To(1).
Corollary 4.2. On Ty(1),

1
0S5, = 67719'
Remark 4.3. For C? curves the statement of Theorem E=ll was obtained by
Schiffer in [Rchl]. The derivation in [Schil] uses the variational theory of
Fredholm eigenvalues and the exterior variation of the domain. Our proof
is different from Schiffer’s: we use general formula (E) and the quasi-
conformal variation.

4.2. The first variation of S;. In addition to S;, we introduce another
function Sy : To(1) — R defined by

S1([u]) = S1([n™'D).
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Using (=), we get
2
(2] . // g 2|
= Yy —2—"—4—| d —222 42 d
J[ e =2 G5 2 e [[ e - 224 2
D D*
 irlog|(g.)'(=0)]
_2
= [[ 1Al s+ [[|a@
D D*
where f# = 1o f# 04, §, = 10g, 02 and ¢(2) = 1. The functions f# and g,

are univalent, respectively, on the domains D" and D and are normalized as
f(o0) = (f“) (c0) =1 and g,(0) = 0. They satisfy the factorization

d*z + 4rlog |)§;L(O)|7

(4.2) W, =g, of,
where w, = 10w, 0.

This description corresponds to the realization of T'(1) associated with
the model H? ~ D. Namely, due to the canonical isomorphism

o] * ~ * 1 22 o)
peL (D)Huﬂu:u(;);EL (D),

we have T'(1) ~ L*(D)y/ ~. If w, is a q.c. mapping associated with p €
L*>(D*)y, then w, is the q.c. mapping associated with g € L*(D);, and
corresponding conformal wielding is given by (EZ3).

In this section, we will also use the model T'(1) ~ L*(D);. To simplify
the notations, for y € L*(D); we will denote corresponding q.c. mapping
by w, = g;l o f#, where f# and g, are univalent on the domains D" and
D and are normalized as f#(c0) = oo, (f#)'(c0) = 1 and g,(0) = 0. Cor-
respondingly, for v = ¢g7' o f € T (1) we would have the normalization
f(o0) = 00, f'(00) =1 and ¢(0) = 0. To avoid confusion with the notations
for our primary model T'(1) = L*(D"),/ ~, we will always specify explicitly
in the main text when we are using the model 7'(1) ~ L*>(D);/ ~.

The function Sy on Ty(1) naturally extends to a function S on 7Tg(1),

defined by
— / / A 2= + / / A(g) @z — 4nlog |g/(o0),

~

where v = g~ o f € To(1). For S(y) = S(y~ )Wehave

//|A )2 d2z—|—//‘fl )| @ 4 axlog| (0)]

where f =10 forand §=10g 0.

Lemma 4.4. The function §~ is constant along the fibers of the canonical
projection « : To(1) — Tp(1), S=S;om.
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Proof. We are using the model T'(1) ~ L>*(D);/ ~. For u € L>*(D); let

v =970 f v = g. o f* € To(l) be such that 7(y) = 7(v.) = [u].
Comparing the normalization for f and f* at co, we get

f=o00of* and g:aogﬂooe_l7

for some a € PSU(1,1) and o(z) = 2 + bo. Since f +— A(f) is invariant if
[ is post-composed with a translation?, to prove that S(y) = S(v,) we need
only to check that for v € PSU(1, 1),

/" LA@yoa-ln%Fz-k4rkg|@zoa-lyan|=L/'|fugnaﬂz-+4wkg|g%on-

Let
RT Z —w
alz) = e 1—zw
and set log ¢'(2) = 0% a,2". Then A(g) = 3.°°, na, """ and
/lAgwyld%—/|Awoa 1Y 4 AP

= [ 1400 - |fz—//\ -
D
:/ |A(g)|?d*> — 4 Re (w //A(g)(z) i(wz)”ldzz)
D D n=1

+4|w|? d?z.

The last two terms give

- n o Jw]?”
—47 Re (Zanw ) —|—47TZT
n=1

n=1
— _trlog |g/(w)| + 4 log |g'(0)] — 4 log(1 — [u]?).
On the other hand, we have
(goa™)(0) = g'(a™'(0))(a™1)(0) = (1 = [w[*)g'(w).
This concludes the proof. O

Theorem 4.5. The real-valued function Sy : To(1) — R is differentiable at
every point [v] € To(1). In terms of the Bers coordinates ,, on the chart

Vl/?
351
asu - 2/ Slev)(

2This is why it is more convenient to use the model T'(1) ~ L (D), / ~.
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Proof. We are using the model T'(1) ~ L*(D);. For [v] € Tp(1) choose a
representative v € L°(D); which is a product of elements in H~11(D)y,
and let w, = w., ow, = g;l of®. It follows from Lemma 2.5 in Part I that
corresponding v. = g-! o f¢ fixes 0, 1, co. By the above lemma,

Si(lep # v]) = S(7e)-

We have v. 07,7t = 7.,, where k = (a™1)*(u) and @ =y, 0w, ! € PSU(1, 1).
Set f = fY g = ¢° sothat g = 0 og, oa! for some o € PSL(2,C), and
define v. = f®o f~'. Since f° is normalized, it’s Laurent expansion at oo
has the form

i b b
Hence

% . v.(2) =0(z7Y) as 2z — oo,

and the first variations of v. have the form

AR e -
w—z To0g| _

85
where Q = ¢(D). Since 7., fixes 0,1, 0o, we also have

0 B z2(z=Dr(w)
0 76/1 - // w_l)dw7

asﬂ%” :——//1_w2£ )mf”

Oe
o<

Using f® = v. o f, we obtain
A7) = Alvs) o ' + A(S).

Applying the variational formulas for v., we have

0 9% 0 g (w e
be|_ A = G| ——// _23 P,
and hence

2 et [] [ ene =i

Similarly, using
Ge OYer = Ve 0 g,
we have

g:; o 76/1(75/1)2 - U; o ggl7
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and

A(g2) 0 Ve (Yer) 2 + A(7er) = A(ve) 0 99 + Alg),

where

(Ver) -
Hence we have
% _ g.(0) = —¢"(0) (% B m) (0) - g’(O)% (% . %ﬁ> 0)
+ g’(O)% % . vs> (0)
e
and
% _ 9.(0) = —g"(0) (% B m) (0) - g’(O)% (% _ %ﬁ> (0)
_ g’ﬂo) D/ w(’jlgli)l)fm
as well as
% _Ae) 0 Yen (Yen) - = (% EZOA(%)> °99' - % _A0e)

=2 [[ wtw ((gg(;@;_i(())) SCE z>3> u,

and

0
% A(gs) O Yer (76/1)2 - 8_5

e=0

From here we get

D

2r —
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and

% / / [Age) [ d= = % / / A(Ge) © Yer(ver)- I (1 — |o|2) d
B __//// ( (g( 1(0 !;((,j))) (w _1 Z)3> Alg) (z)d*wd?=
=

Let logg'(z) = 3.7, anz™ be the power series expansion of log ¢’(z). Then
Alg) =302 na, 2", Explicit computation gives

2 Mzz_mnn a,w' % = "(w 2 w
wé/wu_w@#i'—§:<'+0n = A(g)'(w) + —A(g)(w).

Hence

u—// ( w) + m)(OMW

To compute the other terms, we define the following holomorphic function
on D,
/(w)f/ =
d2
// et AT

// (& s”ig;z - ) e

Then it is easy to check that

0

| S(v)=L+L+13+1
9|, (7-) 1+ 1o+ 13+ 14

= [ st (1) - Aot - 25581 2k )+ S A @) )

g(w)?

D

To finish the proof, we claim that
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which is going to be proved in the next lemma. With this equation for h, it
is straightforward to compute that

st = [[ AW @) - AW s

D
_ 2//8(9)(w)m(w)d2w _ 2//S(gy)(w),u(w)d2w.
D D

0=
Returning back to the model T'(1) = L*(D*);/ ~, we get the statement of
the theorem. O

e=0

Lemma 4.6. In the model T(1) ~ L>®(D);/ ~, let v = g~t o f be the
conformal welding corresponding to v € To(1). Then for z € D the following
identity holds

O 2L [ O
AWE) =20y wg/ (a(z) — Fup2 D0

+% 4/ ((gZ;()Z)—g‘/q((wu?))2 E —lw)2> Alg) (w)d*w.

Proof. First we consider the case when A(g) and A(f) are smooth functions
on S1. Specifically, we assume that the Beltrami differential 1 corresponding
to m(y) € To(1), is smooth on C and plgi = pzls1 = 0. Denote by h(z)
the right-hand side of the identity of the lemma. Changing the variables of
integration and using Stokes’ theorem, we obtain

o= [ [ e
Qx* Q
1

~ 5 oy (AT~ A w)

z—w)

where Q = ¢(D),Q* = f(D*) and C = ¢(S!). Next, consider the relation
yog~! = f7!, where ¥ = v7!, and differentiate it twice with respect to z.
Since 7> vanishes on S, we get the following relations on C,

Hence
hoys™ 6™ () = - 3 o AT o g ()
1 1
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On the other hand, since j o4 = 4 o j, where j is the inversion z — —, we
have

AF) =AGF) 0] js -2 % 0jj:+AQ).

1 1
27 Jo (2 — w)

The functions
- 2 (97 H:(2) , 2
-1 — QM Z d -1 _9oM JE\FW 2
A(f )(Z) f_l(Z) + e an A(g )(Z) g‘l(z) + P
are holomorphic on Q* = f(D*) and Q2 = ¢g(D) respectively and due to the
normalization of f,

-1 _ (f_l)z(z) g_
Ay -2 2o (5

Thus we have by Cauchy formula

heg a9 = - (A -2 4 2)

or equivalently,

1

3 as zZ — O0.
z

9(z) =

For a general point v = g7 o f in To(1), we let f, = r; o for,, where
r, is the dilation z — ”"’12 Slnce fn is a normalized univalent function on
lz| > e Correspondlng vl =g o f € To(1) satisfies the assumptions
made in the beginning of the proof. Since A(f) € AL(D*), we see that

Ao faor) = Aleo fou)]| 4
—0 as n — oo.

AERCUREES
oo 2 (4 =2l 42
= (a0 -2+ =252 o)

By Corollary B=3 and Corollary B2lin Appendix A we also have
Tim_[[A(g.) = A9)]| sy = 0

h(z) = Alg)(z) — 22 4 2

and

lim H (A(gn) _oln 2) = (A(g) SPUA %)

n—00 Jn z
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In particular, since convergence in Al(D) implies convergence in AL (D), we
get

i (Al -2+ 2) = a1 ) 220+ 2

n—roo 9n z g ;
uniformly on compact subsets of D. Since we have already shown that
!

ho(2) = Algn)(2) - 222() + 2,

In Z

to finish the proof of the lemma we need to verify that lim,, o hy,(2) = h(2)
uniformly on compact subsets of D.

We denote by Ki[n] and Kj3[n] the operators associated with the disjoint
pair of univalent functions (g¢,, f.), and by K; and Kj; — the operators
associated with the pair (g, f). Then

ha(z) = h(z) = = (K[l AGg.) ) (2) + (K2A(9) ) (=)
+ (K[ AT ) ) = (KA (2.

Now using Theorem B.1 from Appendix B, and the fact that the inverse
map is continuous on Ty(1), we get that

lim |[K1[n] — Ky|| =0,
n—00

where || || stands for the norm of the Banach space Z(A}(D), A}(D)). Since
|[K1[n]|| < 1, we have

| iberATy) - K3 AT)|

< | ®E Al = AGD, ) + [ 2l - RDAG],
< 1 A(9) = AWl oy + 1Eal) = KillllA) Laggoy-

A3 (D)

which tends to 0 as n — oo. Consequently, lim, . (K1[n]A(g,))(2) =
(K1A(g))(2), uniformly on compact subsets of D.

To prove the convergence of the other term in h,(z) — h(z), we let g, =
rnogn and f, = rpo0 f, = for, Let QF = §,(D*) = f({|z| > ”nll})
Since € C €, the sequence of domains 2, = g,(D) is a decreasing
sequence that contains 0 and (] g, (D) = ¢(D) = Q. By Caratheodory kernel
theorem (see, e.g., [EaiZd]), the sequence of univalent functions g, : D — C
converges uniformly on compact sets to the univalent function ¢ : D — C. By
Weierstrass theorem, lim, . g}, (z) = ¢'(z), uniformly on compact subsets
of D. Using that the operator K, is unaffected by a simultaneous post-
composition of f and g with o € PSL(2,C) and that A(f,) = A(r, o f,) =
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A(f,), we have

A - [[ LW et
// (a0 () — iremo)

Here for z € Q,, = g, (D) we set

// z—fn A(f) (w)d*w = —%!/ “‘zgfl}(;g)dzw

n

and for z € Q = g(DD),

-] = [

Let @, = u,|g. Using A(f;!) = A(r; o f71) = A(f71) and QF C QF, we

get
L[
Q\Q5,

Since Hilbert transform is an isometry, we obtain

i, ogg — uogg’HZl //‘un ) —u(g(z ))g’(z)‘dez
:/ i (2) — u(2)|?d2= < / LA (2)2d?= = // )22
Q Qx\Q 1<)z|< 2L

Since A(f) € AY(D"), we get
. ~ ! ! —
Jim i, 099"~ uogg|laym = 0.

and, consequently, lim, o @,(2) = u(z), uniformly on compact subsets of
Q. For every compact subset £ C D, g, (F) C Q for n sufficiently large, and
it follows that

lim w,(gn(2))g(2) = u(g(2))g'(2),

n—0oo

uniformly on F. O
Corollary 4.7. On Ty(1),
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Theorem 4.8. The functions S1,51,S2 on To(1) satisfy the following rela-
tions,
1 1 =

In particular, in Bers coordinates ¢, on the chart 'V, at [v] € Ty(1),

T =2 [ S
l

where w, = g, 1 of” is the conformal welding corresponding to [v] € To(1).

Proof. Since S(0) = S;(0) = 0, Theorems E=l and Eimmediately give
1 =

52 — —Esl

Since the function Sy is symmetric,
Sa([1]) = S2([u] ™),
the function gl is also symmetric, so that gl =5. O

Corollary 4.9. On Ty(1),
S = 29.

Remark 4.10. Returning to the model T(1) = L=(D*)/ ~, let y =g lo f €
To(1). Introducing the operator K : A} (D) & A}(D*) — AL(D) & AY(D~),

(K, K,
K= <K3 K4> ’

a= (1) v= (1) e o e ajoor),

where uy = Ao for)ourd, uyg = —A(rogor)or and vy = A(f), va = —A(g).
Applying Lemma B to v and v~! and using generalized Grunsky equality,
we can succinctly rewrite the two identities as a single equation

and the vectors

Ku=-v.
Indeed, Lemma [ applied to v and y~! gives
I(gﬂl + 1(4?12 = —U2 and 1(1?71 + 1(2?7]2 = —1Uq,
and from generalized Grunsky equality it follows that the functions
&Y - -1
=11 = — b_pnoz"
wy (z) ( 0g — nz_:l nb_n 0%

and

o0

ey =~ (i 22Y =5 o

n=1
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satisfy the equations
1(1117)1 + 1(2117)2 = w1 and I(gﬂ)l + 1(4117)2 = wWsy.

Since uy = vy — 2wy and wy = vy — 2wg, we get the equation Ku = —v.
Similarly, we get the equation Kv = —u.

Remark 4.11. For C? curves the result of Theorem E=d was obtained by Schif-
fer and Hawley in [SHEZ]. They have used a completely different approach
which can not be generalized to quasi-circles for Tj(1).

The equality So = 12%51 can be also interpreted as a surgery type for-
mula for determinants of elliptic operators (see [BRERI H/UbJ). Namely,
let A, be the Laplace operator of the conformal metrlc e??()|dz)? on D
with Dmchlet boundary condition. Its zeta-function regularized determi-
nant det A is given by the Polyakov-Alvarez formula

(4.3)  logdetA, = ——// lo.|2d?z — —% ¢'")df + log det Ay.

Now let v = g~! of € Tp(1) and set, as before, § =10g o1, f =20fos The
metric |g'(2)|?|dz|? is a pull-back of the Euclidean metric |dw|? on Q = (D)
by the conformal mapping g. Assume that ¢(z) = £ log|g’(2)|? is of C"! class
on S', and denote by Ag the Laplace operator of the Euclidean metric on
Q with Dirichlet boundary condition. From (ﬂ) we immediately get

log det Ag :——//|A WPd?z — = log|g( )| 4+ log det Ap.

Now consider the metric |f’( )|?|dz]* on D — a pull-back of the flat metric
2 _ |dw|?
)

on Q* = f(]D)*) by the conformal mapping fou. Denoting by Ag. the Laplace
operator of the metric ds? on * with Dirichlet boundary condition, we get

from (B,

1 5
logdet Ag, = _E/ |A(f)|?d*> + log det Ap,
T

where we again assumed that ¢(z) = 3 log|f'(1)[? is of C! class on S*. Here

2
Ap~ is the Laplace operator of the metric ||d:;U|L on . Note that the metric

ds? is regular at oo, so that Ag. is an elliptic operator (cf. [FZG9]). The
following result now follows from Theorem B3 and the symmetry property

S1([u)) = Su (™))
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Corollary 4.12. Let v = g7t of € Ty(1) be of C? class on S1. Then for
C= f(Sl)f

_ det Ag det A,

~ det Ap det Apx '

Remark 4.13. The statement of Corollary B can be interpreted as a
surgery type formula in the spirit of [REKSIY| for the Laplace operator of a
conformal metric on the Riemann sphere P!, which is the Euclidean met-

~ 2
ric on the interior domain Q = 2(Q*) and is the metric ds* = _duw]
£ (w)[*

the exterior domain Q* = 1(Q) (and thus is continuous on P'). The Fred-
holm determinant Det(C) is the inverse of the determinant of the Neumann
jump operator which corresponds to cutting of P! along the contour C and
considering Dirichlet boundary conditions for interior and exterior Laplace
operators (cf. [EZAd]).

DetF(C)

on

5. WEIL-PETERSSON POTENTIAL

5.1. Weil-Petersson potential on 7y(1). As in the case of finite dimen-
sional Teichmiiller spaces [IZLUZ3], it follows from the results of the previous
section that the function Sy is a potential for the Weil-Petersson metric on
To(1). For the convenience of the reader, here we give the details.

Theorem 5.1. In terms of the Bers coordinates on the chart V, at k €

To(1),

P = [[ we o,
J.

e,
Proof. We have
*Sy 0
— (H = 5z
e, s
Using Theorem I and the fact that at the point v « k € Ty(1) the vector

field 8% on the chart V,; is represented by P(R(p,cv)) € H=11(D*) on the
chart V... (see Section 3.3 in Part I), we get

%(sy *K) = 2//S(gsy*ﬁ)p(3(u7€,/))dzz
T~

NT]
—([ev * K]).
e=0 85#

s ! [ (50600 w0e00)2) @RI 1 = v,

where g-! o f* = w,., 0wy, v = fo f71 and Q(R(p,cv)) was defined in
Section 7.1 in Part I. Since ¢. o w., = v. o g, we have

(5.1) S(g:) 0 wep (we))? + S(we) = S(v.) 0 g(g")? + S(g),
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and it follows from the standard variational formula that

0
a= [ ev 61/ - d2
856:08(9)010 v // 1—wz
Since according to Theorem 7.4 in Part |
2 Qe
02)._o .

is an infinitesimally trivial Beltrami differential, we have

o) =2 [ [[ 25wt = [ it
D* D+ T~

Corollary 5.2. On Ty(1),

8551 = —22'(*}1/11137

where wwp is the symplectic form of the Weil-Petersson metric. In other
words, Sy is a potential of the Weil-Petersson metric on Ty(1).

Remark 5.3. Tt follows from Corollary Bl and Theorem B that on To(1),
0 log det N = wap.
67
In the spirit of the last remark in Section 8 of Part I, this result should be
compared to the local index theorem for families of d-operators on compact
Riemann surfaces,
00logdet Ay — 00 logdet N| = —GLpr,
7
where Ny is the period matrix of 1-forms on a compact Riemann surface
X and Ag is the Laplace operator of the hyperbolic metric on X (see, e.g.,
[/.‘I‘XJJ)_
Remark 5.4. 1t follows from Corollary B that on T5(1),

09 = 0.
Here is a direct proof of this result, following our work [EEEEZd]. From
equation (B=), we have at [k] € Tp(1),
0
(L9)(2) = o—|  S(g:) 0 we(wey)2()
8#« e=0

- // <g;g§ig;<?>2>4‘<w—1z>4>d2w
- 12// g
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Hence,

a9 (pu,v) =L, (1)

I(v
B e e
2 s

5.2. Weil-Petersson potential on 7'(1). The 1-form 9 does not naturally
extend to the whole Hilbert manifold T'(1) (since 9|,; € A2(ID*) if and only
if [] € To(1)). From Theorem EEEM we also see that Ty(1) is the maximal
subset of 7'(1) on which the function S; is well-defined. However, it is easy
to construct a Weil-Petersson potential on T'(1) by using right translations.
Namely, we index the components of the Hilbert manifold 7'(1) by the set
I (uncountable) and for every a € I choose [p,] € T,(1) = R, To(1) such
that po = 0 for the component Ty(1). This represents 7'(1) as a disjoint

= | 7.

ael

Define

S(W) =Su(lv*pz'D) for [v] € Tu(1).
It follows from the right-invariance of the Weil-Petersson metric that the
function S is a Weil-Petersson potential on 7T'(1).

6. THE PERIOD MAPPING

The generalization of the classical period mapping to the homogeneous
space Mob(S1)\ Diff 4 (S!) was outlined by Kirillov and Yuriev in [E3=5]
and developed by Nag [Nag92d]. In particular, in [Nag9Z] it is explained in
what sense this is a generalization of classical period mapping as an asso-
ciation between the complex structures and corresponding spaces of holo-
morphic 1-forms. Subsequently in [ESSH], Nag and Sullivan extended the
period mapping to the universal Teichmiiller space T'(1). Here we prove that
the Kirillov-Yuriev-Nag-Sullivan (KYNS) period mapping coincides with the
mapping 2 defined in Remark E=X

6.1. KYNS period mapping. Following [NSY5], let  be the real Hilbert
space

H=H'?(5"R)/R

= {f ST SR ‘ f(eh = Z/ cne™, §3n|cn|2 < oo}7

n=—oo n=1
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and let © be the symplectic form® on H:

Olf.9) = 3= f o

By complex linearity, the symplectic form © extends to the complexification
of H — the complex Hilbert space Hc,

He =H'?(S',C)/C

= {f 8t ¢ ‘f(e”) = Z/ cne™?, Z/ n||e.|? < oo}.

nN=—oo n=—oo

With respect to this symplectic form, the Hilbert space H¢ has a canonical
decomposition into two closed isotropic subspaces

,H(C:W-I—@W—v

where

Wy = {f St C ‘ f(e?) = io:anem@7 iozn|an|2 < oo}7

n=1 n=1
W_:{g:Sl%C‘g(@ie):z:bne_me, Zn|bn|2<oo}.
n=1 n=1

Let D, be the infinite dimensional analog of Siegel disk [Sigha],
O ={ZeBW_W,) : ©(Zf,9)=0(Zg, ) and [-27Z>0}.

Here Z(W_, W, ) is the Banach space of all bounded linear operators from
W_toW,y,and 7 =J7J : Wy — W_, where J is the standard conjugation
operator on H¢ defined by JW, = W_. With respect to the standard bases

1 _wnb 1 _—ind
{en = € }neN and {fn = € }neN
of the subspaces W, and W_, an operator / € ®, is represented by an
infinite matrix, and the condition ©(Z f, g) = ©(Zg, f) translates as Z = Z°.
Let Sp(#) be the group of bounded symplectomorphisms on #. Elements
of Sp(#H), extended complex linearly to Hc, in the basis {e, }nen U { fu}nen
of Hc can be represented by matrices

(6.1) (g ﬁ) , where AA* -~ BB*=1, AB'= BA"
The group Sp(#H) acts transitively on D, by
Z v+ (AZ+ B)(BZ + A)™,

3We use a different sign convention since our complex structure has a different sign
compared to [ERd [Nag92 NS5
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and the stabilizer of the point Z = 0 is the unitary subgroup U of Sp(H)
consisting of bounded symplectomorphisms with B = 0. Thus the canonical
quotient map @ : Sp(H) — Do,

Q ((g ﬁ)) = (AZ+B)(BZ+ A)7',_,=BA™
induces the isomorphism
Sp(H)/U ~®
In [N58F], Nag and Sullivan proved that the assignment
Homeo,,(S') 3 v — ITI(y) € B(Hc),
where

1)) = For = 5= Fords, fe e,

defines a right action of the group Homeoys(S') on the Hilbert space Hc by
symplectomorphisms. Thus the mapping

11 : Homeoy,(S') — Sp(#)

satisfies 11(7; o v2) = I1(y2)I1(y1). On the other hand, an operator I1(v)

preserves the subspaces W, and W_, i.e., 1:[(7) € U, if and only if v €
Méb(Sh). The induced mapping

IT=Qoll:T(1) = M6b(S*)\Homeo,,(S!) = Sp(H)/U ~ D,

is what we call KYNS period mapping of T'(1).
With respect to the basis {e,}nen U {fy}nen of He, the mapping 11 :
Homeoys(S') — Sp(H) is given by the matrix

- A B,
I(y) = <% Q[) , Y€ Homeoqs(Sl)7

SRSIE Ry gR—
SR o G

As a result, the KYNS period matrix I1 : T'(1) — @D, is given by the matrix
M([u]) = BA™,  [u] € T(1),

where 2 = A(w,) and B = B(w,). On the other hand, it follows from B)
that

where

e =it = (S50 o))
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Proposition 6.1. The Grunsky matrices By, | = 1,2, 3,4, corresponding to
v € ST\ Homeoys(S'), and the elements of the matriz 11(y) are related by

By =9BA7Y By = (A7

B3 — ﬂ_17 B4 — —%*(Q[*)_l.
Proof. Let v = g=' o f be the conformal welding of v € S'\Homeoy(5'),
and let P, and @), be the Faber polynomials associated to the pair (f,g).

Denoting by Py : He — W, and P_ : He — W_ the orthogonal projection
operators, we get

U = P Ii(y~! ‘ .

+11(v™) W,

By definition of Faber polynomials, (Pgof)‘sl € Wy, where P(z) =
P,(z) — P,(0) and n > 1. We have on S!,

Py ™) (PYo f) =Py (Plof)oftog)=Pi(Plog).
Since P-|-(P7? og)(ew) — einé’ and (qu o f)(ew) — nzanZI b_mmeimé’7 we
obtain
> Ak (B2)kn = b,
k=1

i.e. 2*By = Id. Similarly, let Q% = @, — Q,(00). By definition of Faber
polynomials, (Q% o f)(e'%) — e=% € W, for n > 1. We have on S!,

PG (@R () =) =Py (@R og) = (171 7") = =Po((v7) 7).
Since —B(y™!) = B, we have —P((y7) ™) (") = 302, V/FBurer.
Using QO (f(e)) —e ™ =n 3" b_,. _ne™’ we obtain

Zmink(Bl)kn = %nmv

k=1
i.e., A*B; = B!, which is equivalent to By = B! = B!, Using B3 = Bl
and B4(v) = B1(y~1!) concludes the proof. O

Corollary 6.2. The KYNS period mapping 1l coincides with our period
mapping & defined in Remark =Gl

Proof. Due to Proposition =8, B; = BA~'. (|

Remark 6.3. In [NS83] it was stated that the period mapping Il : T'(1) —
D is a holomorphic mapping of Banach manifolds. However, it was only
shown that the induced mapping DII of tangent spaces is complex linear
injection, which is not enough to claim holomorphy for infinite dimensional
manifolds. In Appendix B we prove that the mapping P T(1) = B((*) is
holomorphic, which completes the proof in [RSSH].
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Following G. Segal [Beg¥ll, we introduce the subgroup Spy(#H) of the
symplectic group Sp(#) for which B € A (W_,W,) — the Hilbert space
of Hilbert-Schmidt operators from W_ to W,. The group Spy(H) acts
transitively on the restricted Siegel disc

@20 =D N AW, Wy).
Corollaries B2 and B8 immediately imply the following result.
Corollary 6.4. For [p] € T(1), II([p]) € D% if and only if [u] € To(1).

Remark 6.5. In view of the above corollary, define the restricted period
mapping
Mo = Mg, 1) : To(1) = DL,

Since by Corollary B Tlg = 22, by Theorem B Il is a holomorphic
mapping of Hilbert manifolds. The homogenuous space Y carries a nat-
ural Spg(#H)-invariant K&hler metric with the Ké&hler potential ®(Z) =
log Det(1 — ZZ). It was first shown by Kirillov and Yuriev [E¥X3] and later
by Nag [Nag92] that the pullback of this metric to Mob(S1)\ Diff 4+ (S*) by
the period mapping coincides, up to a constant, with the Weil-Petersson
metric. It immediately follows from Corollary E=l that

Sy = log Det(I — ZZ7),

so that the pullback of the natural Kihler metric on 2% by the restricted
period mapping to Tp(1) coincides, up to a constant, with the Weil-Petersson
metric on Tp(1). Thus we have established the relations between all natural
potential functions on T5(1): up to a constant factor, they are indeed all
equal!

6.2. Embeddings into the Segal-Wilson universal Grassmannian.
Let ¥ be an infinite-dimensional separable complex Hilbert space and let

4//:V+@V_

be its decomposition into the direct sum of infinite-dimensional closed sub-
spaces V4 and V_. The Segal-Wilson universal Grassmannian Gr(¥") [S35X4,
oSxi] is defined as a set of closed subspaces W of ¥ satisfying the following
conditions.

UG1. The orthogonal projection pr, : W — V, is a Fredholm operator.
UG2. The orthogonal projection pr_ : W — V_ is a Hilbert-Schmidt op-
erator.

Equivalently, W € Gr(¥), if W is the image of an operator w : V; — W
such that pr, wis Fredholm and pr_w is Hilbert-Schmidt. The Segal-Wilson
Grassmannian Gr(¥’) is a Hilbert manifold modeled on the Hilbert space
S (Vy, V_) of Hilbert-Schmidt operators from V4 to V_.

For our purposes, let ¥ = He and Vo = W_, V_ = W,. To every
(1] € To(1) we associate a closed subspace W, C Hc spanned by the func-
tions w,(e') = ﬁ@n(f“(ew)), where w,, = g ' o f# is the corresponding
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conformal welding. Explicitly, in terms of the basis {e,}nen U {fn}nen of
He,

Wy = fn + Z V nmb—n,—meﬁu n € N.
m=1

We have W, = w(Vy), where w(f,) = w,, n € N. Thus the mapping
pr,w = I — the identity operator on V4, is obviously Fredholm, and the
mapping pr_w = By (f*) is Hilbert-Schmidt since [p] € Tp(1). According to
Theorem B, the mapping

& : To(1) — Gr(He)

given by &([u]) = W, is a holomorphic inclusion of Ty(1) into the Segal-
Wilson universal Grassmannian. For the homogeneous space M&b(S1)\ Diff 4 (S1)
this mapping was first considered in [[RXRN].

Remark 6.6. Seemingly another mapping of M6b(S1)\ Diff; (S!) into the
Segal-Wilson Grassmannian was considered in [RZ99]. Namely, extend
p € L>°(D*) by zero to D and let V), be the space of distrubitional solutions
of the Beltrami equation wz = pw, on C having a single pole at 0. The
mapping in [SZI4] was defined by the assignment [u] — V,|q1. It is easy
to see that the space V), is spanned by the functions w,(z) = Q,(f*)(2),
n € N, so that V|, = W, and the mapping in [SIZZI9] coincides with the
Kirillov-Yuriev mapping [lRXR4].

Remark 6.7. The inclusion & : Tp(1) — Gr(Hc) is a holomorphic mapping
due to the holomorphic dependence of f# on u. Since f* is holomorphic
on D, the subspaces W, correspond to the different uniformizations of the
same Riemann surface Q = f#(D) ~ D. However, one can consider another
mapping where the associated subspaces in the universal Grassmannian cor-
respond to Riemann surfaces of different complex structure. Namely, set,

as before, ¥ = Hc and let V = Wy and V_ = W_. We denote the corre-
sponding Segal-Wilson Grassmannian by Gr(#c), and define the mapping

& : Ty(1) = Gr(He)

by assigning to every point [u] € To(1) the closed subspace W, C He
spanned by the functions 1w, (") = L Po(g.(€%)), n € N. We have
Wﬂ = w(V}), where w(e,) = w,, n € N, and pr,w = I — the identity
operator on Vi and pr_w = By4(g,) is Hilbert-Schmidt since [p] € Tp(1).
The mapping & is not holomorphic. However, since JW, = W_, where J is
the standard conjugation operator on Hc, we have Gr(He) = J(Gr(He)),

so that Gr(?¢) is a mirror image of Gr(#Hc). Denoting by Z the inversion
on the topological group Tp(1), we get

E=Jo&oT.
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Remark 6.8. One can describe the “Schottky locus”, i.e., the image &(1y(1))
in the Segal-Wilson Grassmannian Gr(%c). Indeed, since the correspond-
ing points in Gr(Hc) are associated with the Grunsky operators By, it is
equivalent to the characterization of the image of the restricted period map
Iy : To(1) = DY. Let C = {Crntmunen € D%, which we realized as
symmetric, Hilbert-Schmidt operator on (% satisfying I — CC' > 0. Then
C € p(Tp(1)) if and only if the the following conditions are satisfied.

S1.
ml Zl _22 S Cmn m.n
1 + Z \/— —_1 1 _ Z_l = exp — m;l WZI 29
S2. There exist D = { Dy }imnen € D% and B € Z((?) such that
I-CC=BB* and I-DD=B*B.

S3.
= Dy "=z
R =
m=1 m T2 mnl

Equations S1 and S3 are understood as infinite sequence of relations be-
tween elements of the matrices C' and D obtained by comparing coefficients
of z{"z5 and z{ ™z, " respectively. Equations S1 and S3 are nothing but
dispersionless Hirota equations (see, e.g., [lealld]). They are just a reformu-
lation of the definition of the Grunsky coefficients of the univalent functions
f and ¢ and the identities

1
— —— b —m
f(z)+ = (f -I-Z 1,—m2"
M+d Pl —Z+Zb1mzm
b 1

where ¢ and d are constants. See [[Lleqlid] for detalls.

APPENDIX A. HILBERT MANIFOLD STRUCTURE OF Tg(1)

Here we show that the Hilbert manifold 75(1), modeled on the Hilbert
space A3(D) & C, can also be modeled on the Hilbert space Al(D), which
induce the same Hilbert manifold structure. This result is parallel to the

one in the Appendix of [[Lealld].
Let 8 be the Bers embedding 7 (1) — A, (D) & C,

T)2y=g""of = (S()), 3A)(0)),
and let 3 : T(1) — AL (D) be the pre-Bers embedding of 7(1) into AL (D),
T)oy=g"" of = Af).
By Theorem =3, 5(v) € AL(D) if and only if v € To(1).
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Lemma A.1l. The map W : AY(D) — A3(D) ¢ C,

T() = (T(¥), $(0)),

where V() = 1, — %1&2, is a one to one holomorphic mapping on Hilbert
spaces.

Proof. Firstly, the map ¥ : A}(D) — A;(D) is holomorphic. That is, for
every ¥, € AL(D), the map C 5 t — W(¢) + tg) is holomorphic in a
neighbourhood of 0 € C. Indeed,

H (¥ + 991 t(¢+ 099)_% V(o + 1)
— 1o t=to A2(D)
:|270|H992HA2(D) < | 1 0|H99HA}>O(D)HS«9HA%(D) — O(|t - to]).

Secondly, by Lemma E3

1
9001 <y 2ol

so that ¢ — %1&(0) is a bounded complex-linear map. The injectivity of v
has been proved in the Appendix of [[Leaiia]. O

Corollary A.2. The set 5(75(1)) C AY(D) is open in AY(D).

Proof. 1t readily follows from the results in Section 3.3 of Part [ that 3(7o(1))
is open in Ay (D)@ C. The assertion now follows from the lemma above since

B(T(1) = T (B(T()). 2
Theorem A.3. The embeddings 8 : To(1) < Ay(D) & C and 3 : To(1) <
AL(D) induce the same Hilbert manifold structure on To(1).

Proof. The map U : B(To(1)) = B(To(1)) is a holomorphic bijection between
complex manifolds. To show that W is biholomorphic, by inverse function
theorem (see, e.g., [E3554]) we need to prove that for every ¢ € 5(7o(1)) the
linear map DyWV is a topological isomorphism between the Hilbert spaces
A}(D) and A3(D) G C. Let y = g o f e To(l)and ¢ = A(f) € B(To(1)).
The linear map Dy ¥ : AY(D) — A3(D) & C is given by
o = (02 — v, 390(0)) .
For every (¢,¢) € A3(D) & C, the holomorphic function ¢ on D, defined by

o= ([

p—tbp=0 and lp(0)=c.

¢(u)
() du + 20) ,

satisfies
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We claim that ¢ € A}(D), so that the map D¢\il is onto. Indeed, repeating
the proof of Lemma EZEl we get for z € D,

|0(2)1* > Fleal” = [ (2)Ple(2) .

By Becker-Pommerenke theorem, there exists r’ > 0 such that
1
1—2))(2)| < —= forall ' <|z| < 1.
0= e < 5 s 4

Thus for ' < |z] < 1,

2(1 = [2)?|¢(2)]* > (1 = |2*)*[ = (2)* = fleo(2) P,
and the result follows as in the proof of Lemma m.AUniqueness theorem for
differential equations guarantees that the map D,V is one-to-one. Finally,

by using the same arguments as in the proof of Lemma 2] and Lemma EZ3,
there exists C' > 0 such that for all ¢ € AL(D),

D58 () |aumy < Clielaym)

Hence D¢\il is a bounded linear bijection between Hilbert spaces. O

Corollary A.4. Let {v,}°%, be a sequence of points in To(1), ¥n = g, 0 fn,
and let v =g~ 1o f € To(1 ) Then the following conditions are equivalent.
(i) 1n To(1) topology,
lim v, = 7.

n—0oo

(ii) In AL(D) topology,
lim A(f)(2) = A(f)(2)-

n—0oo

(iii) In AL(D*) topology,

: 9n(2) 2) g'(z) , 2

lim (Agn 2) =222 — 4+ — )| = Alg)(2) - 24— + —.

tim (Al =228 1 2) a2 4 2
Proof. The equivalence (1)< (ii) follows from Theorem BEZA Since To(1) is a
topological group, lim, e 7, = 7 if and only if lim, . v, ' = v~1. Now

let j(z) = % and let r be the dilation z — ¢’(00) z. We have y~1 = g71o f,

where f =rojogoj and

s . . gl - ..
A = AGrojogod) = (Alg) 2L +2) o i
so that the equivalence (i)« (iii) follows from the equivalence (i)<(ii). O
Next, consider the mappings 8* : Tp(1) — Ay (D*),

B*(v) =By~ 0 jjz=S(g),
and 5* To(1) — AL(Dr),
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where v = g7 o f € To(1). Also, consider the mapping ¥* : AL(D*) —
Ay (D*), defined by

V() = . — 397,
and let

23

~ 1
AYND*) = {¢ € AYD") :Y(2) =0 (—) as z — oo} .
We have the following result.

Lemma A.5.

(i) The map ¥* : AYD*) — A2(D*) is a holomorphic mapping on

Hilbert spaces and its restriction to the subspace ;lg(]]]fk) is injective.

(it) The set 3*(To(1)) = F*(To(1)) is open in AL(D*).
Proof. Holomorphy of ¥* is proved along the same lines as Lemma EZl
From the proof of Theorem A.5 in JE&ai] it follows that the restriction of
the map ¥* to the subspace ;lv%(]]])*) is one to one. To prove part (ii), observe
that 8% = U* o 3* and 8*(To(1)) = B*(To(1)). Since 5*(To(1)), B*(To(1)) €
AL(D*) and the restriction of ¥* to AL(D*) is injective, we have the equality
B*(To(1)) = B*(T5(1)). The proof that this set is open in AL(D*) is analogous
to the proof of Corollary B2 (|
Corollary A.6. Let {v,}°%,, vn = g to fn, be a sequence of points in To(1)
such that

nli_)r{)lo'yn =y=glofeTol).

Then the following statements hold.

(i) In A3(D*) topology,

Tin S(gn) = S(g).
(ii) In A%(]D)*) topology,
lim A(g,) = A(g)-

n— 0o
Proof. Since To(1) is a topological group, lim, ,., v, =77t =g"to f. We
have f =rojogoj,so that

S(f)=8(9)jj,
which proves part (i). Part (ii) follows from Lemma EZ1 O

APPENDIX B. THE PERIOD MAPPING ¥

Let .7, be the closed ideal of compact operators in the Banach algebra
(%) of bounded operators on (2. Here we prove that the period mapping

P T(1) — (%), defined in Remark B=&l, is a holomorphic mapping of

complex Banach manifolds and that

PN Fo) = § = Mb(S")\Homeo, (S").



POTENTIAL OF THE WEIL-PETERSSON METRIC ON T(1) 51

Theorem B.1. The inclusion & : T(1) — B((2) is a holomorphic mapping
of Banach manifolds.

Proof. As in the proof of Theorem B, we will show that for every [v] €
T(1)and g € Q~H1(D*), the map C 3 ¢ — By (t) = By (f*™) is holomorphic
in a neighborhood of t = 0 in C. Choose § > 0 so that ||[v +tu|s < 1 for all
|t| < d. For every tg such that |tg| < &, let §; be such that 0 < §; < & — |to].
Then for all |t — o] < 1, we have as in Theorem EZH

Kf-l_m (z, w)
t=to

_ (t=t9)? Ktz w)
a . fi( to| 51( ¢

d
(Kl” T RYTOR (= 1) yr

271 C—1)(¢ —tg)?
This gives
Bl(fl/-l-tﬂ) - By (fl/-l-to“) _ i Bl(fy-l—tu)
t—tg dt|,_,,

t—tg K ”+C“(z w)u(w) | .
= dCd?w| &z
|5|1|12p1 //// 2me %g to]|=61 (C—1)(¢—tg)? (A7
N |d(|
=21 e 1(//(%< tol=6, 1€ — 1[? |C—to|4)
1/2
(Fo ] )
ey a N\ £ g "
20 \Jiemtol=s K= tPIC=tl* ) pupo=s \Simtol=si 1

Since |[K]| < 1, we obtain

By (fu+tu) - B (fu+tou) d
t —1p dt _

[t~ tol | i
< 0 % > 4% |dC|
27 [(—to|=61 |C - t| |C - t0| [¢—to|=81

:O(t—to) as t —1ip.

g

To prove that @(S) C Y, we first give a characterization of the subman-
ifold S = M&b(S!)\Homeo, (S!) of T(1). It has been shown by Gardiner and
Sullivan JESE that 3(S5) = A% (D) N B(T(1)), where 8: T (1) = A (D) is
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the Bers embedding and A2 (D) is the subspace of the Banach space A, (D),
defined by

A% ={se 4@ 5 lim_(1-]sR) () =0}

Analogous to Theorem A.l in Part I, we have the following result.

Lemma B.2. The closure of the homogeneous space M&b(S1)\ Diff | (S1) C
T(1) in the Banach manifold topology is the Banach submanifold S of T'(1).

Proof. For ¢ € A% (D) N B(T(1)), let ¢, = ¢ or,, where r, is the dilation

zer Az, m €N Slnce ¢ € A% (D), for every ¢ > 0 there exists 0 < r < 1
such that
sup (1 —[2*)?|¢(2)] <
r<]z|<1

Thus there exists N/ such that
sup (1= [2]*)%]n(2)] <

r<lel<t 4

for n > N’ where r’ = 1% The sequence {¢,} converges uniformly to ¢
on compact subsets of D, so that there exists N such that

£
s (1= 30 (5) =6 < 5 for 0> X"
Thus ||¢p, — ¢||cc < € for n > N = max{N’, N}, so that
n— 0o
in the A, (D) topology. Since S(T'(1)) is open in A (D), ¢, € B(T(1))

for large enough n. The functions ¢, are smooth on S* (in fact analytic),
so that corresponding v, € M&b(S!)\Homeo,s(S!) are also smooth on S*.

This proves that M6b(S1)\ Diff 4 (S1) = 5. a

Remark B.3. Together with Theorem A.1 in Part I, Lemma EZlexplains the
distinguished role of the embedded manifold M&b(S1)\ Diff 1 (S1) < T'(1) in
Teichmiiller theory. Its closure in 7'(1) under the Banach manifold topology
is the Banach submanifold S, whereas its closure under the Hilbert manifold
topology is the Hilbert submanifold Ty(1).

Theorem B.4. The image of the Banach submanifold S under the KYNYS
period mapping 2 : T(1) — B((*) is given by

P(8) = S N P(T(1)),

where S, is the space of compact operators on (2.

Proof. 1t is easy to show that @(S) C .Y%. Indeed, by Theorem EH,
Z(Mob(S1)\ Diffy (S')) € %2 C F. Since the mapping & is continu-

ous (actually, holomorphic), using Lemma Bl proves the claim.
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To prove the converse inclusion 2~ (, NP (T(1))) C S, we use meth-
ods developed by Brazilevic in [Be3bd]. Let U be the space of univa-
lent functions on D. Following [BEBH], consider the following function

F:UxUxD—R,

1/2
F(f1, f2)(2) = V7 (1 = |2[*) (//Kl (f1)(z,w) = K1 (f2) (2, w)|* d*w ) .

When f; = f and f; =id — the identity mapping, we denote

F(N(E) =R id)() = V(L= 2K (2, 2) 2
In [Bzabd], Brazilevic has introduced a new metric on i,

d(fh fz) = sup F(fh f2)(2)7
zeD

and has shown that

1S(f1) = S(f2)lleo < 6d(f1, f2).
For fixed ¢ € D, consider the kernel

Kq(f Zn (Z mb_,, _ T 1) Pt

as a holomorphic function on D. By Grunsky inequality,

1L ()5 Ol = K (G €)= Z ne=mC™ T
ol - . 1
el ZZWW

so that Kq(f)(-,¢) € AL(D). For fixed ¢ € D and fi, fo € U we define
U(f1, f2:0)(2) = Ki(fi)(2,¢) — Ki(f2)(2,Q)-
Then ¥(f1, f2,¢) € AL(D). For ¥(fi, f2;¢) # 0 we set

S ¢(f17f2§f)
u(flvf%C) — H¢(f17f27€)”27

and for ¥ (f1, f2,¢) = 0 we set u(f1, f2;¢) = 0. The following lemma gener-

alizes Brazilevic’s result [[BEaBH].
Lemma B.5. For fi, fo € U and z € D,
(L= =2 IS(F1)(2) = S(f) ()] < 6F(f1, f2)(2) < 6|1 (1) = Ka(fo)].

Proof. We use the same approach as in [BE564]. Since for Ay, A2 € PSL(2, C),
S(Mof) =S(f), Ki(Mof) = Ki(f), and F(Arof1, Adz0 f2)(2) = F(f1, f2)(2),
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it is sufficient to consider only f € U normalized by f(0) =0 and f'(0) = 1.
We have for fixed z € D,

(L= 2" S(F)(z) = S(A(f): 0 fo0:)(0)

and

F(fh f2)(Z) = F(A(fl)z ofio0., A(f?)z o fz0 Uz)(0)7
where o, € Mob(S1) and A(f). € PSL(2,C) are given by*
r.0) = 2 and A = O

Since for a normalized f € U the univalent function A(f),o foo, is also nor-
malized, for the first inequality we need only to show that for any normalized

fel,

[S(f1)(0) = S(f2)(0)] < 6F(f1, f2)(0).

Since

A 1 © 1. NS U WP
s =sim (025w - ) = 6 3 mmbon o
we have

S(f1)(0) = S(f2)(0)] = 6]b_1,-1(f1) = b1,—1(f2)].
On the other hand, it is straightforward to compute that

F(f1 f2)%(0) = 7 / / Ky (£1)(0, w) — K1 (f2)(0, w) 2%
D

= Z m|b_17_m(f1) - b—l,—m(f2)|27

m=1

and the first inequality follows.
Next we observe that

(B.1) Ff1, £2)(2) = VrII(K1(f) = Ki(f2))ulfr, fo52) | ) -
Indeed, by Cauchy-Schwarz inequality,

((K1(f1) - Ki(f2)) ¢(f17f2§2)) (w)
=[] i) 0.0 - Kar (w0, 0) TG 2~ K2 C A%
D

<[ (fis fas D)2 [|0 (1, fosw0) |2,

4Here subscript z does not denote a derivative.
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with the equality for w = z. Hence

(K1(f1) = K1(f2)) ¥ (f1, f25 2)

AL, (D)

= (1- 12 / / Ky ()(C2) — K (£2)(C2)2 dC
D

= (1= 2P0 (fr, fai 2) I} = F(fhfg)(z)w‘

Finally, using (m) and the estimate in Lemma B, we get

(B.2) F(f1, f2)(2) < (K1 (f1) = Ki(f2)ulf1, fa: 2)|l2 < || K1 (f1) — Ka(f2)]]-
O

Remark B.6. It immediately follows from Lemma [EZ3 that
IS(f1) = S(f2)lloe < 6d(f1, f2) < 6| K1 (f1) — Ki(f)ll,

which is a stronger version of Brazilevic’s result [Brabd]. In case f; = f and
fo = id we have

[S(Hllee < 6d(f) < G (NI,
where d(f) = d(f,id). Since ||K;(f)|| < 1, where equality holds if and only
if C\ f(D) has Lebesgue measure zero, this recovers another result in [Brabd]
that d(f) < 1for f € U, and d(f) = 1 implies that C\ f(D) has Lebesgue

measure zZero.

Given a normalized univalent function f:D — C, let f, : D — C be the
normalized univalent function defined by f, = r 1o for,, where r, is the
dilation z — —Z—z. Since f, is analytic on S', we have

n+1
lim (1 —[2*)*S(fa)(2) =0,

|z|—=1—
Jim (1= G K ()2, €) = 0,
and also
im0 = KRGl = Jim (0= 10K () (6,0 = 0.

Lemma B.7. Let f : D — C be a normalized univalent function and let

{fn}o2, be the sequence of normalized univalent functions defined above.

Then
Jim Ky (fn) = Kq(f)

in the strong operator topology.

Proof. For ¢ € AY(D) set ¢, = r, opor,. It is elementary to show that
Tim_ [~ ]2 = 0.
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For (K1(f)¥)n = 1o (K1(f)®¥) o 1, we have,

Ky (fa)¥n = (K1 (f)¥)n = 1o o (K1 () (L= Xn)) 0 7y

where y,, is the characteristic function of the disk D, = r,(D). Using this
identity and the inequalities |[K1(f)|| <1, ||¥nllz < |[¢|l2, we obtain

I (f) = K (F))dll2 < N (F) = K (fa)¥all2 + HE (f) (80 — )2
< ()Y = (B (HD)allz + NEL A (L = xa)llz + (1% = all2
< ()8 = (K () d)allz + 101 = Xa)ll2 + 19 = 2all2-
Since ¥ € A}(D),
Tim (1= )l = 0.
and we get the assertion of the lemma. O

Lemma B.8. Let v = g7l o f € T(1) be such that Ki(f) is a compact
operator. Then for every sequence {(,, }>_, of points in D, the corresponding
sequence of functions {u,, }°°_; in AL(D), where

um (2) = (1= [l ) K1 (£)(2,Cm), 2 €D,
contains a convergent subsequence in AL(D).

Proof. Consider the following sequence of functions,
v (2) = 27 (1 = |GV () (271 Gn) € A3(D).

Using the formula

1
K3(C7C) + K4(C7C) = W7

which follows from the operator identity K3 + K4 = I, and the inequality
K4(¢,¢) > 0, we get
1
HUWH% = (1 - |Cm|2)2K3(Cm7Cm) S .

T

Now consider the operator K3(f) : A}(D) — AL(D), defined by the kernel

Ig'g(f)(z, w) = 2_21(3(f) (2_1, w) .
In the standard basis for AL(D) it is given by the matrix Bs(f) and, therefore,
is a topological isomorphism. Setting K (f) = K1(f)K3(f)~"!, we get
U, = K(f) V.

Since the operator K(f) is compact and the sequence {v,, }5_, is bounded,
the statement follows. O

Now we can finish the proof of the Theorem. Suppose that for [u] € T'(1)
the corresponding operator Ki(f) is compact but [u] ¢ S. According to
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Remark EE this implies that there exist ¢ > 0 and a sequence (,, € D
satisfying

Gl > 1= = and (1= |G PS> =

By Lemma B3, there exists a subsequence (,,, such that the sequence of
functions

iy (2) = (1= 1, VK1 (£) (2 G )
converges to u € A3(D) in A}(D). Since
lim (1 |¢[*)K1(fa)(2,0) =0,

[¢l—+1~
for any n € N, the sequence of functions
(L= [Cme D)L, fai Gni) = (1= 1Gme [) (K1) (- Gongd) = Br(fa) (5 G ))

also converges to u as k — oo. From Lemma B and (B3) we get the
following inequality

(L= 16ma D2 1S (Gm) = SU) (G| < 6 | (K1) = B (fo)) W (T Foi )

which for ¥(f, fn, (n,) = 0 is an equality. Now passing to the limit k& — oo
for fixed n € N, we obtain

e <6 (KL(f) — Ki(fn)) ully,

where
U

[[ull2

# 0.
However, according to Lemma B,
T [[(4() = K () ], = 0.
This contradiction proves that [u] € S. g
Remark B.9. For [u] € S the proof of Lemma B2l shows that
Tim S(f) = S())
in A, (D) topology. Since the period mapping P is continuous,
lim K (fo) = Ki(f)
in the norm topology on #(Al(D), AL(D)).

The following commutative diagram displays the properties of the tower
of embedded manifolds Ty(1) < S < T'(1) under the KYNS period mapping

@, the pre-Bers embedding B and the Bers embedding 8 = Vo 3,

3
2
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F?) —— S ((2) —— B?)
» P

P
To(l) — S —— T(1)

@

i i
AL(D) —— AL’(D) —— AL (D)

i i i

A3(D) —— A2 (D) —— A (D)

Here ALY(D) is the closed subspace of AL (D), defined by

APy = {ve Al 5 fim (- e =0},

|z|—=1—

All horizontal maps are embeddings, and all vertical maps are holomorphic
mappings of Banach and Hilbert manifolds respectively. All these properties
have been proved already, except for the simple fact W(ALY (D)) c A% (D),
which easily follows from Cauchy integral formula.
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